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EXTENDING FOUR DIMENSIONAL RICCI FLOWS WITH 
BOUNDED SCALAR CURVATURE 


MILES SIMON 


Abstract. We consider solutions {M,g(t)), 0 < t < T, to Ricci flow on com¬ 
pact, connected four dimensional manifolds without boundary. We assume 
that the scalar curvature is bounded uniformly, and that T < oo. In this case, 
we show that the metric space (M, d(t)) associated to (M, g(t)) converges uni¬ 
formly in the C® sense to (X, d), as t Z' T, where {X, d) is a Riemannian 
orbifold with at most finitely many orbifold points. Estimates on the rate of 
convergence near and away from the orbifold points are given. We also show 
that it is possible to continue the flow past {X, d) using the orbifold Ricci 
flow. 


1. Introduction 

In this paper we consider smooth solutions to Ricci flow, ■§ig{t) = —2Kc{g{t)) for all 
t S [0,r), on closed, connected four manifolds without boundary. We assume that 
T < oo and that the scalar curvature satisfies supy^xfo.T) |I^I ^1- In. ^ previous 
paper, see Theorem 3.6 in |Sil] . we showed that this implies 

(i) Integral bounds for the Ricci and Riemannian curvature 


sup / I Riem(-, < ci < oo 

tG[0.T) Jm 

/ / \Rc\^{-, t)dfig(^t)dt <C2<oo 

Jo JM 


for explicit constants ci = ci(M,g(0),T) and C2{M,g{0),T). An estimate of the 
first type was independently proved, using different methods, in a recent paper, 
(see Theorem 1.8). 


In this paper we show the following. 

(ii) Estimates for the singular and regular regions 

A point p G M is said to be regular, if there exists an r > 0 such that 

/ |Riemp(-,t)d^g(i) < eo 

for all t S (0, T), for some fixed small eg (not depending on p) which is specified in 
the proof of Theorem 14.51 In Definition 14.71 an alternative definition of regular is 


Date: April 14, 2015. 

2000 Mathematics Subject Classification. 53C44. 
Key words and phrases. Ricci flow, scalar curvature. 


1 



2 


MILES SIMON 


given. The singular points are those which are not regular. In Theorem 14.51 (and 
the Corollaries 14.91 and 14.101 thereof 1 and Theorem 15. ll we obtain estimates for the 
evolving metric in the singular and regular regions of the manifold. 


(iii) Uniform continuity of the distance function in time. 

Using the estimates mentioned in (ii) we show the following (see Theorem l5.6() . For 
all £ > 0 there exists a d > 0 such that 

(1.1) \d{x,y,t) - d{x,y,s)\< e 

for all x,y £ M for all t, s G [0,T) with |t — s| < S. 

(iv) Convergence of {M,d{g{t))) to a (7° Riemannian orbifold {X,d) as 
t /T. 

Using the estimates mentioned in (i),(ii) and (iii), we show that {M,d{g{t)) —>■ 
(7f, dx) as t ^ T in the Gromov-Hausdorff sense, where (X, dx) isa, C°-Riemannian 
orbifold with finitely many orbifold points, and that the Riemannian orbifold met¬ 
ric on X is smooth away from the orbifold points. Also: the convergence is smooth 
away from the orbifold points (see Lemma 16.21 and Theorems 16.51 [676118.311 . 


(v) The flow may be continued past time T using the orbifold Ricci flow. 

There exists a smooth solution (iV, to the orbifold Ricci flow, such that 

{N, d{h{t))) —>• [X, dx) in the Gromov-Hausdorff sense as t \ 0 (see Theorem l9.1l) . 


In another paper, [BZ] , which recently appeared, the authors also consider Ricci 
flow of four manifolds with bounded scalar curvature, and they also investigate the 
structure of the limiting space one obtains by letting t T: see Theorem 1.8 and 
Gorollary 1.11 of |BZ] . 


2. Setup, background, previous results and notation 

In this paper we often consider solutions (M*^, 5(t))tg[o,T) which satisfy the following 
basic assumptions. 

(a) is a smooth, compact, connected four dimensional manifold without 
boundary 

(b) {M‘^, 9{i))te[o,T) is a smooth solution to the Ricci flow ■§^g{t) = — 2Ricci((7(t)) 
for all t G [0, T) 

(c) T < oo 

(d) supm4x[o.t) \^ix,t)\ < 1 

If instead of (d) we only have sup^x[o,T) < X < oo for some constant 

1 < AT < oo, then we may rescale the solution g{-,t) := Kg{-, -j^) to obtain a new 
solution (M, 5 (t))jgjg where T := KT, which satisfies the basic assumptions. 
As we mentioned in the introduction, any solution satisfying the basic assumptions 
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also satisfies 

(2.1) sup / I Riem(-, < ifo < 00 

tG[0,T) JM 

( 2 . 2 ) f [ \Rc\'^t)dfig(t)dt <C 2 <oo. 

Jo Jm 

See Theorem 3.6 in [Silj . The estimate ^2ID was independently obtained in |BZ] 
(see Theorem 1.8 of that paper), using different methods to those used in |Sil) . 

There are many papers in which conditions are considered which imply that the 
solution to Ricci flow defined on [0, T) may be extended. Generally, in the real case, 
this extension is a smooth extension, and the conditions imply that the solution 
may be smoothly extended to a time interval [0, T + e) for some £ > 0: that is, the 
solution does not form a singularity as t T. Here we list some of these conditions. 
This is by no means an exhaustive list and further references may be found in the 
papers we have listed here. In the following we assume that (M”, g(t))tg[o_T) is 
a smooth solution to Ricci flow on a compact n—dimensional manifold without 
boundary, and we write the condition which guarantees, that one can extend the 
solution past time T, followed by an appropriate reference, sup^n ^ [ o,t I Riem | < oo 
[HaThree]. supjy^nxfo.T) iRiccij < oo |Sesum| . limsup^yiy \g{t) — h\ < e{n) for some 
smooth metric h [SimCO] (see also |KL] b sup( 3 . | Riem(a;, t)|(T — t) + 

|R(a:,t)| < oo |TME| (see also ISesumLe] !. 

Jo Im^ I Rm !“(•, t))d^g(i)dt < oo for some a > |Wangl| . 

/o^/m" I Weil|“(-,t) + |R|“ (-,t)d/rg(t)c;f < oo, where a > |Wangl| . 

See also |Wangl| , |Wang2| , [ChenWaii^ for further results on extending Ricci flow. 

If one considers solutions to the Kahler Ricci flow, = — 2RiCj^, then the 

following is known: If sup^„x[o r) |R| < then one can extend the flow smoothly 
past time T |Zhang| . 

The situation in this paper is somewhat different. We consider solutions with 
bounded scalar curvature, and we do not rule out the possibility that singularities 
can form as t T. However, using our integral curvature estimates (and other 
estimates) we show that there is a singular limiting space as t T, and that 
this singular space is a Riemannian orbifold which can then be evolved by the 
orbifold Ricci flow: the limiting space is immediately smoothed out by the orbifold 
Ricci flow. 

The possibility of flowing to a singular time and then continuing with another flow 
(for example orbifold Ricci flow or a weak Kahler Ricci flow) has been considered 
in other papers. In the real case, see for example |CTZ| . 

In the Kahler case see for example Theorem 1.1 in |SongWeinkove2| (see also 
|SongWeinkovel| , |EGZ] and [EGZH] for related papers). Further references can be 
found in the papers mentioned above. 

In [ChenWaii^ , the authors investigate the moduli space of solutions to Ricci flow 
which have: bounded curvature in the sense, bounded scalar curvature and 
are non-collapsed. 

There are examples of solutions to Ricci flow which are smooth on [0,T), singular 
at time T, and then become immediately smooth again after this time: see the 
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neck-pinching examples given in [ACK] . See also [KlLo] and [FIK] . This notion of 
extending the flow is once again different to the one we are considering, and different 
to the notion of smooth extension discussed above. 


The Orbifold Ricci flow and related flows has been studied in many papers. Here is a 
(by no means exhaustive) list of some of them: [CTZ] 

[ChowII] . [ChowWii] . [HaThreel^ . [KLThree] . [LiuZhan^ , [WuLFj . [YinI 


ChenYWangll, |ChenYWangII| , 

jYmn]. 


Notation: 

We use the Einstein summation convention, and we use the notation of Hamilton 
[HaThree]. 

For i € {1,... ,n}, ^ denotes a coordinate vector, and dx^ is the corresponding 
one form. 

is an n-dimensional Riemannian manifold with Riemannian metric g. 

9ij ~ ^t) is the Riemannian metric g with respect to this coordinate system. 

g^^ is the inverse of the Riemannian metric {g'"^gik = ^jk)- 
dfig is the volume form associated to g. 

Iim{g)ijki = ^Riemyjt; = Riem(g)y 7 ;; = Hijki is the full Riemannian curvature 
Tensor. 

Weil{g)ijki is the Weil Tensor. 

9Rcy = Ricciy = Rij := g^^'Rikji is the Ricci curvature. 

R := RijkW^^g^^ is the scalar curvature. 

®Vr = Vr is the covariant derivative of T with respect to g. For example, locally 
^i^jk — (^^)(^> afj’index denotes the direction in which 
the covariant derivative is taken) if locally T = Tjf.dx^ iS> dx^ 0 gfr. 

\T\ = ®|r| is the norm of a tensor with respect to a metric g. For example for 
T = TJ,dx^(S)dx>^(S)^. \T\^=g^^fl^gksTigT:^^. 

Sometimes we make it clearer which Riemannian metric we are considering by in¬ 
cluding the metric in the definition. For example R(h) refers to the scalar curvature 
of the Riemannian metric h. 

We suppress the g in the notation used for the norm, |r| = ®|T|, and for other 
quantities, in the case that is is clear from the context which Riemannian metric 
we are considering. 

A ball of radius r > 0 in a metric space {X, d) will be denoted by 
‘^Br{z) := {x G X \ d{x, z) < r}. 

An annulus of inner radius 0 < s and outer radius r > s on a metric space (A, d) 
will be denoted by ‘^Br,s{z) := {a; S A | s < d{x, z) < r}. 

Note then that ‘^Bo^siz) := {x G A | 0 < d{x,z) < r} = ‘^Bs{z)\{z}. 

The sphere of radius r > 0 and centre point p in a metric space (A, d) will be 
denoted by 

'^Sr{p) := {a; G A I d{x,p) = r}. 

Dr,R Q R" is the standard open annulus of inner radius r > 0 and outer radius 
R< oo, {r < R) centred at 0: 

DrM = {a; G M” I |a;| > r, |a:| < i?}. 

Dr represents the open disc of radius r centred at 0: 

Dr := {a; G M” | \x\ < r}. 

Note Dq h = {a; G M” | \x\ > 0, |a;| < i?} = £)fl\{0}. 

Sr~^{c) := {a: G M" | |a: — c| = r} is the {n — l)-dimensional sphere of radius r > 0 
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and centre point c S K” in R". 

ojn is the volume of a ball of radius one in R." with respect to the Lebesgue meaure. 
If r is a finite subgroup of 0(n) acting on K”, then ((R”\{0})/r,5) is the quotient 
manifold with the induced (flat) metric coming from tt : ]R"\{0} —>■ (]R"\{0})/r, 
7r(x) := {[a;] | x G M"\{0}}, where [a;] := {Gx \ G G F}. 
i ^ Br , siO ), g ) C ((R"'\{0})/r, g) refers to the set 

:= {7r(a;) | x G I?r,s} with the Riemannian metric g. 


3 . Volume control, and the Sobolev inequality 


In lYel and 


Zhung2|the first inequality appearing below was proved, and 


in |Zhang3| (and in |ChenWang| ) the second inequality appearing below was proved. 

Theorem 3.1. (Ye, R.|Ye|. Zhang, Q. |Zhan^ |Zhan^ |Zhan^ (see |ChenWang| 
also)) 

Let (M", (7(t))(g[o_r): T < go, he a smooth solution to Ricci flow on a closed mani¬ 
fold with supj;^x[o,T) 11 ^( 2 ;,01 ^ 1 < 00. Then there exist constants 0 < (To,cri < 00 
depending only on {M, go) and T such that 

Yo\(fBr{x)) 


( 3 . 1 ) 


0-1 < 


< CT2 for all X G M, 0 < t < T and r < I. 


We use the following notation in this paper which was introduced by Q. Zhang. A 
solution which satisfies the first inequality is said to be tri non-collapsed on scales 
less than 1. This condition is similar to but stronger than Perelman’s non-collapsing 
condition (see IM]), as we make no requirements on the curvature within the balls 
Br{x) appearing in m- A solution which satisfies the second inequality is said to 
be (72 non-infiated on scales less than 1. 

Remark 3.2. Let (Af",g(0)tG[o,r) be be a smooth solution to Ricci flow which 
satisfies the inequalities (EH), and define g{t) := cg{-, 1) for a constant c > 0. Then 

( 3 . 2 ) cTi < --) < (j 2 for all X G M, 0 < t < T := cT and f < ^/c, 

that is (AF, 5(t))(gjQ j.) is cti non-collapsed and non-inflated on scales less than 
^/c. This is because: for f := y/cr and t := ct, and r = -^ < 1 

for r < Hence, we can’t say if the solution {M,g(t))i^^Qf^ is tri non-collapsed 
and (72 non-inflated on scales less than 1, if we scale by a constant c < 1, but the 
scale improves if we multiply by constants c > I. 


In the papers [Ye] and |Zhangl[ |Zhang2| it is also shown that for any Ricci flow sat¬ 
isfying the basic assumptions a Sobolev inequality holds in which the constants may 
be chosen to be time independent. Here, we only write down the four dimensional 
version of their theorem. 

Theorem 3.3. (Ye, R. |Ye| . Zhang, Q. |Zhan^ |Zhan^ ) 

Let (M^, 5(f))tg[o,T); T < GO, be a smooth solution to Ricci flow satisfying the basic 
assumptions. Then there exists a constant A = A{M, go,T) < go such that 

( / - M f 

Jm ^Jm Jm ' 


(3.3) 
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for all smooth / : M —>■ ffi. 

Note that this Sobolev inequality is not scale invariant, as the last term scales 
incorrectly. However, we have a scale-invariant version for small balls, as we see in 
the following: 

Corollary 3.4. Let {M*', g(t))t^[o^T), T < oo be a smooth solution to Rieei flow 
satisfying the basie assumptions. Then there exists a constant r^ = r'^(M,g{0),T) = 
> 0 such that 

(3.4) (/ 

Jm Jm 

for all smooth / : M —> R whose support is contained in a ball *Br{x), for some 
X € M, where A is the constant occurring in the Sobolev inequality (13.3p above. If 
g{-,t) := cg{-, |) is a sealed solution with c > 1 then the estimate 

(3.5) (/ <2H / 

Jm Jm 

holds for all f : M ^ M. whose support is eontained in a ball *Bf{x) where r := 
ry/c > r. 

Proof. Let r be chosen so that r'^^Jaf < where A is the constant occurring in 
the Sobolev inequality and gi is the non-inflating constant defined above. Using 
Holder’s inequality and the above Sobolev inequality we get 

(/ l/l"dMg(t))^ < a [ |V/|2d/i,(t)-fH / |/|^dMg(t) 

JM JM JM 

<Af |V/pd/ig(t)-f H( /" |/|^d^g(t))5(volH,.(a:,<))5 

JM JM 

<a[ |V/pd/ig(,)-fH(/' |/|%g(*))^(V^r2) 

JM J M 

(3.6) <A [ + l{f 

Jm ^ Jm 

which implies the result, after subtracting ^(/^ l/l^c?^g(t))^ from both sides of this 
inequality. The second inequality follows immediately from the fact that 

(/ |/|"dM§(f))^-2^ / |V/|>gp) 

Jm Jm 

(3.7) =c(/ |/|4dMg(t))^-2A / |V/|2d^g(*)) 

Jm Jm 

if we scale as in the statement of the theorem. □ 

It is well know that, for a solution satisfying the basic assumptions, the volume of 
M is changing at a controlled rate: 

(3.8) vol(M, g{t)) >- J Rdgg(t) = ^ vol(M, ^(t)) > - vol(M, g{t)) 

(— Im Rd^git) = -§i^A{M,g{t)) was shown in [HaThree] !. Integrating in time we 
see that vol(M, g(0)) > vol(M,^(t)) > e“^ vol(M,^(0)). 
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Notice that the estimates of Peter Topping (see [Topping] ) and these volume bounds 
combined with the non-inflating estimate guarantee that the diameter is bounded 
from above and below: 


Lemma 3.5. (Topping, P. [Topping] , Zhang, Q. [Zhangl] [Zhang2[ J 
Let (M-‘,g(t)))tg[o,T) be a solution satisfying the basic assumptions (in particular 
T < oo and |R| < 1 at all times and points). Then there exists do = do{M, go,T) > 
0 such that 

(3.9) oo > do> dia,m{M, g{t)) > — > 0 

do 


for all t £ [0, T). 


Proof. The diameter bound from above follows immediately from Theorem 2.4 ( 
see also Remark 2.5 there) of [Topping] combined with the fact that |i ?|2 < 
vol(M, 5(0))e^ for a solution satisfying the basic assumptions. The diameter bound 
from below is obtained as follows. Assume that there are times U £ [0, T) with Si := 
diam(Af, g(ti)) —>■ 0 as j —>■ oo. Due to smoothness, we must have L yZ T. From the 
volume estimates above, we must have vo\{M, g{t)) > vol(M, ^(0)) =: uq > 0 
for all t £ [0,T). Combining this with the non-inflating estimate we get: 

Vo < vo\{M,g{U)) = vo\C'Beiixo)) < (72(e*)"^ -)> 0 
as 7 — >■ 00, which is a contradiction. □ 


4. The regular part of the flow 

We wish to show that the limit as t yZ T (in some to be characterised sense) of 
{M,g(t)) is an Riemannian orbifold {X,dx) with at most finitely many orbifold 
points and that {X,dx) is smooth away from the orbifold points. In the static 
case, M. Anderson showed results of this type for sequences of Einstein manifolds 
whose curvature tensor is bounded in the sense: see for example Theorem 1.3 
in [An Similar results were shown independently by [BKN] (see Theorem 5.5 
in [BKNj l. See also [Tianj . In the paper [AnCh] . the condition that the manifolds 
have Ricci curvature bounded from above and below or bounded Einstein constant 
was replaced by the condition that the Ricci curvature is bounded from below. To 
deal with this situation the authors introduced the harmonic radius, which 

we also use here. 

To prove the convergence to an orbifold and to obtain information on the orbifold 
points we require regularity estimates for regions where | Riem( 5 (t))pd/rg(t) 

is small. Regularity estimates in the static case (for example the Einstein case) were 
shown for example in Lemma 2.1 in [And2] . We show that for certain so called good 
times t < T, which are close enough to T, that if Jt„ , , \ Riem(g(t))pdp,g( 4 ) < Eq 

is small enough, where r{t) = R\/T — t for some large R > 0, then we will have time 
dependent bounds on the metric on the ball *for later times s, t < s < T: 
see Theorem l4.5l below for the explicit bounds (the constants Eq, R appearing above, 
will not depend on x). That is, we have a fixed set *i?r.(t)/ 2 (a:) where we obtain 
our estimates for later times s £ [t,T) (that is, the set *Br(t)/2{x) doesn’t 
depend on s). Eurthermore, we show that the metric g{s) on the ball *'Br{t)/ 2 {x) 
is close to the metric g{l) on *Br(t)/ 2 {x) if s, / G [t, T) and \s — l\ is small enough. 
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In order to obtain our regularity estimates we require a number of ingredients. 
The estimates from the previous section, a slightly modified version of a result 
from [An an and [AnCh] on the harmonic radius (see also Lemma 4.5 of 

[Petersen] 1. a Nash-Moser-de Giorgi argument, and the Pseudolocality result of G. 
Perelman (see Theorem 10.1 of [Pelj l being the main ones. The Nash-Moser-de 
Giorgi argument which we use is a modified version of that given in the paper P. 
The proofs in the paper of (Li] are written for a four dimensional setting, and can 
be adapted to our setting. 


Before stating the theorem we introduce some notation, which we will also use in 
the subsequent sections of this paper. 


Let (AT^, (7(t))tg[o_T) be a solution to Ricci flow satisfying the basic assumptions. 
In Theorem 3.6 of ISill. it was shown that 


(4.1) f ( < Ko = Ko{M,go,T) < OG 

JS JM 

for S < R < T. In particular, for any 0 < r < and 1 > tr > 0, we can find a 
t G [T — (1 -I- a)r, T — r] such that 

'■ 2Ko 


(4.2) 


|Rc| {■,t)dfig(^t) < 


JM 

If not, then we can find a and r such that \Rc\'^{■,t)dgg(^t) > for all t G 
[r — (1 -I- (T)r, r — r], and hence 

pT-r 


J T—{l-\-(T)r J M 

which contradicts equation 611). 


/ |Rc|^(-, t)d^g(t) > err 

JM 


2Kn 


^2Kn 


If t := T — r < T is given, where < Jq) then the argument above shows that we 
can always find a (nearby) t G [T — 2r, T — r] such that 


(4.3) 


/M 


\Rc\'^{-,i)dHg^i) < 


2Ko 


2Ko ^ AKo 


T-t - T-t 


A time t which satisfies (ig will be known as a 4Aro good time. More generally, 
we make the following definition. 

Definition 4.1. Let (Af, (/(t))(g[o_r) be a smooth solution to Ricci flow. Any t G 
[0,T) which satisfies 

(4-4) [ |Rc|'‘(-,t)d/rg(t) < 

JM 1 —t 

{C > 0) shall be called a C-good time. If C = 1, then we call such a t a good 
time. 


By modifying the above argument we see that the following is true. 

Lemma 4.2. Let {M'^,g{t))t^[Q^T) be a solution to Ricci flow satisfying the basic 
assumptions and let C > 0 be given. Then there exists an r > 0 such that for all 
0 < r < r the following holds. For any t G [0,T) with r := T — t there exists a 
t G [t — r,t] = [T — 2r,T — r] which is a C good time. 
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Remark 4.3. r will possibly depend on C, {M,g{0)) and T as can be seen in the 
proof below. 

Proof. Fix C > 0 and assume the conclusion of the theorem doesn’t hold. Then we 
can find a sequence n —>■ 0 and U :=T—ri T such that every t G [T —2ri,T — n] 
is not a C good time. That is |Rc|^(-, for all t G [T — 2ri, T — r^]. 

Integrating in time from T — 2ri to T — rt we get 



C 

"2 


Without loss of generality the intervals [T — 2ri,T — are pairwise disjoint 

(since n —?> 0). Summing over j S N we get 



i=l 

which contradicts the fact that Jq |Rc|'^(-, < oo. 


□ 


Let 0<ti/^T,iGNhea sequence of times approaching T from below. We 
wish to show that {M,g{ti)) —>• {X,d) as f —>■ oo in some to be characterised sense, 
where {X, d) is a Riemannian orbifold with only finitely many orbifold points. 
These orbifold points will be characterised by the fact that they are points where 
the integral of curvature concentrates as ti T. To explain this more precisely 
we introduce some notation. 

Definition 4.4. Let {M'^, g{t))t^[Q^T) be a solution to Ricci flow with T < oo 
satisfying the basic assumptions. A point p G M is a regular point in M (or p G M 
is regular) if there exists an r = r(p) > 0 such that 


/ I Riem |^(•,^)d^g(^) < £0 
JcbAp) 


for all times t G [0,T), where £o > 0 is a small fixed constant depending on 
(M^,g(0)) and T, which will be specified in the proof of Theorem 14.51 below. A 
point p G M is a singular point in M (or p G M is singular) ii p G M is not a 
regular point. In this case, due to smoothness of the flow on [0, T), there must exist 
a sequence of times Si ^ T and a sequence of numbers 0<ri\0asf —^-cxd such 
that (p) |Riemp > £o for all z G N. We denote the set of regular points in 

M by Reg(M) := {p G M \ p is regular } and the set of singular points in M by 
Sing(M) := {p G M | p is singular }. 

In this section we obtain information about regular points. In particular we will give 
another characterisation of the property regular. This characterisation is implied 
by the following theorem (see the Corollary directly after the statement of the 
Theorem). 
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Theorem 4.5. Let fc G N 6 e fixed, and let {M, g(t))t£[o,T) be a solution to Ricci 
flow satisfying the basic assumptions. There exists a (large) constant R > 0, and 
(small) constants v,eo > 0 , and constants ci,... ,Ck such that if 


(4.5) / |Riemp(-,i)d/ig(t) < £0 

for a good time t which satisfies \T — t\ < v, thenp is a regular point. We also show 
that if p,t satisfy these conditions, then 


(4.6) 

(4.7) 

(4.8) 

(4.9) 


8lr4 — 54 ! 8lr4 — 54 ! 

exp(——TT^)5(^) < 9{s) < exp(^;;^— 


{T-tfi- 


{T-tfi 


■^g(,r) < g{s) < 2g(f) W t<r,s <T, on 

|V' Riem(ai,s)|2(,) < ^'^y+2 

V t + -—^—- < s < T,x G *B R ^^rrziip), 
VjG {0,...fc}. 


The constants eo,R and v depend only on ao,ai from (EU, A from (1331) . and 
0 ( 5 ( 0 ), T) from Theorem \4.5\ the constants Cj depend only on j, 0 ^, 01 , A and 0 ( 5 ( 0 ), T). 
That is, all constants depend only on {M,g(0)) and T. 


For such p and t we therefore have: all x G are also regular (see the 

proof for an explanation), and there is a limit in the smooth sense (and hence also 
in the Cheeger-Gromov sense) of B R^^/?p^{p), g{s)) as s T. 


Remark 4.6. The condition | Riem p(-, <)(i/ig(t) < £0 for a good time 

t which satisfies |T — t| < d ( 1 ; , £9 as in the statement of the Theorem above) 
therefore implies that p is regular (see the proof for an explanation). This new 
condition contains however more information, namely that the estimates appearing 
in the statement of Theorem 14.51 hold. Furthermore: to show that a point p G 
M is regular, we only need to find one good time t with |T — t| < v for which 
t(p) ^ \^i'A)dgg(t) < £ 0 . We do not need to show that 
Jtg ^ I Riem p(-, t)dfig(^t) < £0 for alH < T for some fixed r{p) > 0. 

This characterisation is useful when it comes to showing that a limit space (in a 
sense which will be explained later in this paper) {X, dx) '■= limj yixiM, g(t)) exists 
and when it comes to describing its structure. 


Definition 4.7. Let t G (0,T). We say p G RegfiM) if 

/ |Riemp(-,t)d5g(t) < £ 0 , 

where £ 0 , R are from the above theorem. 

Remark 4.8. Notice that this condition is scale invariant: if {M, g{t))^^^Q is the 
solution we get by setting g{i) := cg(-), T := cT, i = ct, then 


|Riemp(.,f)d^^,j, = 


I Riem p(-, <)(f/ig(t) < £9 


(4.10) 


* B 
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Corollary 4.9. Theorem \4-5\ above shows us that Keg^{M) C Reg(M) for all good 
times t S (T—v,T). From the definition o/Reg(M) we also see: for allp G Reg(M) 
there exists a T — v < S{p) < T such that p G Reg((M) for all good times t with 
t G {S{p),T). Furthermore, Theorem \4-5\ above also tells us, that for every good 
time t € {T — v,T), and for all e > 0, there exists a 6 > 0 (depending on t), such 
that 

(1 - e)g{p, s) < g{p, r) < (1 + e)g{p, s) 

(4.11) Vp G Regj(M), for all r,s£{t,T) with |r — s| < <5. 

Corollary 4.10. For all good times t G {T — v,v) for all p G Reg((M), where v 
and Regj(M) are as above, we have 

^d{x,y,r) < d{x,y,s) < 8d{x,y,r) 

(4.12) for all r,sG[t,T), for all x.v G 

proof (of Theorem 14.Sp : 

Let ti yF T he a sequence of good times. We scale (blow up) and shift (in time) 
the solution g as follows: gift) := g{-,T + t{T — ti)). Then we have a solution 

which is defined for t G [—Ai := — , 0) and —>■ oo as i —>■ oo. Furthermore, 

using the fact that the ti are good times (for the solution before scaling), we see 
that 


/ |Rc(5i(-l))|'‘d/rg,(_i) ={T-U)'^ f \Rc{g{ti)\'^{t)dpg^ti) 

JM J M 

(4.13) <^^:={T-U)^0 

as f —>■ 00 . The scale invariant inequalities are also valid for gi{—l). 

Let Br{p) = ^'^~^^Bfi{p) C M be an arbitrary ball with 

I < ^0 and i? > 4 > 0 . Scaling by 5 = -^ < 1 (*), (that 

is gi(t) := Sgi(j): we call the solution gi(i) once again gi(t)) we see that 

(a) |R-iempd/rg.(_, 5 ) < eo and \Rc\^dfig.(^_i) < Si, 
where Si := Si/S'^ = (T — ti)/S'^ —>■ 0 as f —>■ oo 

(b) we have control over non-inflating constants and non-decreasing constants: 
a^r'^ < vol(9^(-^)B^(a:)) < (Tir^ for all r < Ti —>■ 00 and for all x G 

s^(-^)B2(p). 

the works of Anderson lAndll and Deane Yang [YangD] imply that Bi (p) is in some 
sense close to euclidean space if Eq is small enough, and * G N is large enough 
(that is if Si = {T — ti) is small enough). This is a fact about smooth Riemannian 
manifolds satisfying (a) and (b), and has nothing to do with the Ricci flow. We 
state below a qualitative version of this fact. Our proof method is essentially the 
same as the method used in the proof of Main Lemma 2.2 in |Andl) (see Remark 
2.3 (ii) there). We also use some notions from [AnCh] on the harmonic radius. 

Theorem 4.11. Let {M'^,g) be a smooth connected manifold without boundary 
(not necessarily complete) and 52 (p) F M be an arbitrary ball which is compactly 
contained in M. Assume that 
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(a) /b 2 (p) I R-iein \^dng < eo and \Rc\^dng < 1, 

(b) aor^ < Yo\{Br{x)) < air'^ for all r < 1, for all x € B 2 {p), 

where Eq = eo(cro,(Ti) > Q is sufficiently small. Then there exists a constant V = 
V{aQ,ai) > 0 such that 

(4.14) rh{g){y) > Vdistg(y,d(B3(p))), 

for all r > 0 , for all y € B^/ 2 {.p)j where rh{g){y) is the harmonic radius of 

{M,g) at y (see (jB.ll) in Avvendixl^ for the definition of harmonic radius that we 
are using). 

Remark 4.12. As noted above, this theorem does not require that the metrics 
involved are coming from a Ricci flow. 

Remark 4.13. A different approach and a similar result is given in, respectively 
obtained in, the paper by Deane Yang |YangD| . 

Remark 4.14. Compare with Theorem 2.35 of m- 

A proof and the definition of the 1 T ^42 harmonic radius is given in Appendix IbI 
The inequality from (14.141) reads, in our case, 

rh{gti-S))iy) > Vdistg.(_s)(y,d(-^B3/2(p))) for all y G ~^B3/2{p) if {T-U)/6'^ < 
1. In particular rh{gi{—5)){y) > ^ for all y G ~^Bi{p), if (T — ti)/S‘^ < 1. Com¬ 
paring Perelman’s definition of almost euclidean (see Theorem 10.1 in [M] for the 
definition of almost euclidean) with the definition of harmonic radius we are using, 
we see that there is a constant 1 > a = a{V) = a{ao,cri) > 0 such that Ba{y) 
is almost euclidean if {T — ti)/6‘^ < 1. Notice that a doesn’t depend on 6 and hence, 
without loss of generality 6 << a: S = -^ and i? > 0 was arbitrary up until this 
point, so we choose R^ » Perelman’s first Pseudolocality result (Theorem 
10.1 in IM]) now tells us that 

(4.15) I Riem( 5 i)(a;,t)| < for all t G (-6,0), x € Baiy) 

for some constant d = d{a) > 0, for all y G ~^Bi{p). Here we use that d << a 
that is 0 < 5 = d(V) << a(V) is chosen small so that the Pseudolocality Theorem 
applies on the whole time interval (—5,0). Without loss of generality 5 << a 
also. Now 5 = d(V) is fixed (and small), that is i? = R(V) = >> 1 is fixed 

(and large). Scaling back to t = —1 (that is we set gi(t) = ^gi(-^) so that we 
are dealing with the solution we had before blowing down at the point (*) of the 
argument above: we call the solution gi(t) once again gift) for ease of reading) we 
have 

(4.16) I Riem(gi)(a;,t)| < ——, for all t G (—1,0), x G BR^{y) 

1 t 2 

for all y G Br{p). Using Shi’s estimates (see |Shij l. the non-inflating and 

non-collapsing estimates, the evolution equation -^g = —2Rc, and the injectivity 
radius estimate of Cheeger-Gromov-Taylor (Theorem 4.3 in [CGT]), we get 

(4.17) \V^Riem{gi){y,t)\< Aj, for all t G (“^>0), 

for all 0 < j < AT where AT G N is hxed and large and Aj < oo is a constant, for 
all 2 / G ~^Br{p), as long as Rd is sufficiently large: as we chose S « d, this is 
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without loss of generality the case. Translating in time and scaling back to the 
original solution, we obtain the claimed curvature estimates (|4.8I1 . 

We explain why all y € are regular (in particular, p is regular). 

Choose t close to 0 and 0 < r < 1 small, so that ‘i?io4r(y) C ^'^~^'>Br{p) : for 
every t < 0 such an r must exist in view of the fact that the solution is smooth. 
Then |Riem(-,t)| < 10 on *BiQ4,^{y) C B r(j)) due to (I4.16p . Then '^Briy) 
remains in ^’BiQi^ijj) C B r{p) for all s G [t, 0) due to (14.1611 and the fact that 
the metric evolves according to the equation -^g = —Rc(g), and t is close to 0. 
Hence | Riem(g)p(-, s)d^g(s) < eg for all s G [t,0), if r is small enough, in 

view of (14.161) and the non-expanding estimate. 

Although these estimates show us that p is a regular point, they do not tell us 
that 

/ |Riemp(-,t)dpg(t) < £o 

for all f G (—1,0): as < gets closer to —1 from above, our estimates on the curvature, 
(14.161) . blow up. However by appropriately modifying the arguments in [E] we can 
show that the Riemannian metrics remain close in a C° sense to one another on 
some hxed time independent region within these balls. This fact is useful when it 
comes to describing {X, dx ) , the limit as t T (before scaling) of the solution 
(M,p(t))tg[o,T), and how this limit is obtained. 

Examining the setup considered in the first part of the paper [O] of Ye Li, we see 
that we are almost in the same setup: Scale back down to t = —5 (that is do the 
step (*) in the argument above again), call the solution gi again, and consider an 
arbitrary y G Bi{p) as above. 

From the argument above we have 

(4.18) I Riem( 5 i)(a;,t)| < ——, for all t G (—(5, 0) for all xG^'^*^Ba{y) 

0 + t 

for some constant d = d(a) > 0, and 6 << d < a. 

In order to see that we are almost in the same situation as Ye.Li, we shift in time 
by 6: that is fix i and define g{t) = gi{t + 6). This means that the old time 0 (where 
the flow possibly becomes singular) is now time 6 and the old good time —<5 is now 
the good time 0. Then we have 

(i) 

(4.19) I Riem( 5 )(a:, t)| <-, for all t G (0, 5) for all x G ®^*^i?a(y), 

for all y G where d depends only on a which depends only on ao,cri, and 

we have chosen <5 so that 6 « d < a. Without loss of generality, we may assume 
a = 2 for this argument. If not, then scale so that it is: we still have 0 < 5 << a is 
still as small we we like (but fixed). 

This solution also satisfies 

(ii) |Rc|^()0)((/o) < Si, with 0 as * —>■ oo (by scaling we have changed 
the constants Si above by a fixed factor: Si = 
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(iii) (l/2)d^g(r) < < ‘^d^g(^s) for all 0 < r < i < s < <5 in view of the fact 

that we are dealing with a solution satisfying the basic assumptions (see 
the inequalities (I3.8p 'l. 

(iv) we have a bound on the Sobolev constant (f^ ^/g |V/p 

for all *Br(z) C *B 2 (y) for all f : Br(z) ^ M. which are smooth and have 
compact support in *Br(z), for all 0 < t < ^: see (j3.4l) and (j3.5l) . 

(v) 

(/ |Riemp)5 < J_( / |Riemp)5 

J*B2{y) t3 Jm 

(4.20) < 

t3 

for all 0 < t < <5 in view of (i) and the bound | Riem p < Kq := 
c{g{0), M,T) from (12.11) . 


Examining Lemma 1, Lemma 2, Lemma 3 and Theorem 2 of E, we see that 
this is exactly the setup of that paper, call fj, := (RTo)^; except for the condition 
1/250 < g{t) < 25 ( 5 ) for all 0 < t < s < 6 , which is also assumed there. We 
are considering the case that u and / of the paper by Ye Li are u := \ Riem | and 
/ := |Rc|. The extra assumption I /250 < g{t) < 2g{s) for all 0 < t < s < i5 is 
used in [Llj to construct a time independent cut-off function (in Lemma 3 of [LI] . 
which is also used in Lemma 1 and Lemma 2 of (Lij) for 0 < < r. This cut-off 

function yi : M —^ K is smooth and satisfies (y) = 1, yi = 0 on {Br{y)y, 
iVtpIgo < 7 ^ and \V(f\g(t) < ‘^\'^‘P\go < 7 ^- We will only consider 1 > r,r' > i. 
In our arguments, we will replace this function by a time dependent cut-off function 
7 >(x, t) using the method of Perelman. This new ip satisfies 


(4.21) 


9 


c 


(r - r')^ 
c 

— r ')2 


- 1 , 

‘Pk*Br(y)r = 0 , 


C(p 

t 


for all t < S{ci), wherever the function differentiable is, where S'(ci) > 0 and 
c = c(ci), where ci is a constant satisfying | Riem | < ^ on *B 4 (y) : in our case 
Cl = 1. Using this new (p in the argument given in E, we obtain, after making 
necessary modifications, the following: 


|Rc(-,t)| < ^ on ‘B 3 / 4 (y), 

(4.22) for alH € (0, (5), 

as long as (T — U) < a{ao,cri,c{g{0),T), A) is small enough. See Appendix El for 
the details. In particular, translating and scaling back to the solution we had before 
we performed the step (*), we see that |Rc( 5 , t)| < for all y G for 

all t G (—1,0). Hence, integrating the evolution equation §jg{y, s) = —2Rc{g){y, s), 
we get 


(4.23) 


giy,s)e < g{y,r) < giy,s)e^^^^^ ’'^1 
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for all r,s G [—1,0), for all ?/ S Si( where <5 > 0 is small. Translating in 

time and scaling back to the original solution, we obtain (iTbl) . Before scaling back, 
note that it also implies 



(4.24) 


for all r, s G [—1,0), for all y € Bfi/ 2 {p)- This condition is scale invariant, so 

translating and scaling back to the original solution, we obtain (liTTl) . 

For later, notice, that (14.231) implies that: for all u > 0, there exists a <5 > 0 such 
that. 


(4.25) 


g(-,s)(l - cr) < g[-,r) < g(-,s)[l + a) 


for all r,s G (—1,0] with |r — s| < 5 on ^Br(j)). Examining the argument above, 
we see that the results are correct for any good time ti G (0, T), as long as {T—ti) < 
v{ao,ai,A,c{g{0),T)) is small enough. This finishes the proof. 

(End of the proof of Theorem I4.5p □ . 
proof of the Corollary 14.101 

Let x,y t,s be as in the statement of the corollary. Scale to the situation as in the 
proof of Theorem 14.51 Let 7 : [0,1] —>■ M be a length minimising geodesic between 
X and y with respect to the metric g(—1). The curve doesn’t leave ~^B^(p), 
and hence, using (14.241) . d{x,y,s) < ^ 5 ( 7 ) < 2 L_i( 7 ) = 2d{x,y,—l). Now let 
(T : [0, 1 ] —>■ M be a length minimising geodesic between x and y with respect to 
g{s). If a doesn’t leave (p), then d{x, y,—l) < L_i{a) < 2Ls{a) = 2d(x, y, s), 

and hence d{x, y, s) > ^d{x, y, —1) in this case. If a leaves ~^B_r{p), then let m be 
the first point at which it does so: a{m) G d{~^B^{p)), a{r) G ~^B^{p) for all 
r < m, and consider a = (T|[o_m]- Then d{x,y,s) = Ls{a) > Ls{a) > iL_i(a) > 
> \d{x^ y, — 1). Hence d{x^ y, s) > ^d{x, y, —1) in this case as well. 
End of the proof of Corollary 14.101 □. 


5. Behaviour of the flow near singular points 


In this section we examine the behaviour of the flow near singular points p. We 
consider a sequence of good times U y' T. We will show that the singular set 
Sing(M) can be covered by L balls (*pj))jUj (L being independent of ti) 

of radius R{ti) = Cy/T — ti {C a large fixed constant, which is determined in the 
proof of Theorem 15 .1 1 below 1 at time ti, where ti are good times close enough to T , 
and that the balls (*pj) with t G {ti,T) also cover Sing(M). We say nothing 

at this stage about the topology of these regions, or how they geometrically look. 
In the next sections we give more information on how singular regions look like in 
the limit (as t T). 

The results of this section are used at the end of this section to show that distance 
is uniformly continuous in the following sense: For all £ > 0 there exists a 5(e) > 0 
such that \d{x,y,t) — d{x,y,s)\ < e for all x,y G M for all t,s G [0,T) with 
|t — s| < S. The singular set and the regular set were defined in the previous 
section: Reg(M) := {p G M \ p is regular } was defined in Definition 14.41 and 
Regj(M) was defined in Definition 14.71 Sing(M) := {p € M | p is not regular }. 
The theorem that we prove in this section is 
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Theorem 5.1. Let (Af, 3(0)iG[o,T) o solution to Ricci flow satisfying the basic 
assumptions. Then there exist (large) constants 0 < Jo,Ji, J 2 < 00 , a (small) 
constant 0 < w < c», and a constant L G N such that for all good times s < T with 
|s — r| < w, there exist pi{s),... ,pl{s) € M such that 

Sing(M) = (Reg(M))'^ 

C (Reg,(M))^ 

(5-1) C ^j^y/r^iPA^)) 

for all s < t,r < T. 

Remark 5.2. Notice that for fixed s, the sets (s)) in the statement 

of the theorem don’t depend on t or r (s < t, r < T), but ^.nd 

"’Bj^^/rzr-flPjis)) do. 

Remark 5.3. Using the estimates of the previous section and this covering, we will 
obtain as a corollary, that the distance function is uniformly continuous in time 
(see Theorem 15.6p . 

Proof. Let (M, h) be a Riemannian manifold with \ Riem(/i)p < Kq < 00 . Let 
i? > 0 be given fixed. Assume there is some point pi with | Riem p > 

£o- Then we look for a ball Br{p 2 ) which is disjoint from Bn{pi) and satisfies 
/bb(p 2 ) — ^ 0 - We continue in this way as long as it is possible to do 

so. This leads to a family of pairwise disjoint balls such that 

/bb(p ) I R-ism p > £0 for all j G {1,..., L}. We define 

Br ■= Bn^h) := uf^iB2R{pj) 

(5.2) Qr := nR{h):=M\BRih)=M\uf^^B2R{pfl. 

From the definition of LIr it follows that I Riem P < eo for all x G LIr. 

Using I Riem \‘^{h)dfXh < ATq, we see that we have an upper bound L < ^ for 
the number of balls constructed in this way. 

Notice that for fixed R this construction is not unique: by choosing the balls in the 
construction differently we obtain a different Br, respectively LIr. 

If {M, g(t))t^i is a solution to Ricci flow, / an interval, then *LIr will denote 
flR{g{t)) and ^Br will denote BR{g{t)) for any t £ I. Take a sequence of good 
times ti yP T, and assume we have scaled as in the proof Theorem id. 51 above, to ob¬ 
tain a solution {M, g{t))t^(-Ai,o) ■ Using the characterisation of the regular set given 
in Theorem l4.5l and using the R appearing there, we see that C Reg(M) and 

hence Sing(M) = M\Reg(M) C M\~^LIr. 

We wish to show that distance is not changing too rapidly near and in BR{g(t = 

-I))- 

In order to explain this statement more precisely, and to explain the argument 
which proves the statement, we assume for the moment that there is only one ball 
~^B 2 Rflpi) coming from the above construction of BR{g{—l)) and we call this ball 
~^B 2 r{p). Note that for each i, we may obtain a different point *pi depending on 
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i. For the moment we drop the i and the 1 from our notation and simply denote 
the point by p. 

We define G := ~^B 2 j{p), for some large J >> R fixed, and H := ~^Bj{p). It 
follows, that C {~^B 2 r{p)Y = {M\~^B 2 r{p)) C Reg_i(M) C Reg(M). Hence, 
using (14.241) . we have ^g{x,t) < 9 {x,—\) < 8g{x,t) for all x S D G for all 
te [- 1 , 0 ). 

We may assume that dist{g{t = —l)){dG,dH) = J (we are scaling a connected 
solution to Ricci flow with diameter larger than -^ > 0 (see p.9|) l by constants Ci 
which go to infinity, and hence the diameter of the resulting solution is as large as 
we like at all times). 

Note by construction GC\H^ ^ 0 as the diameter of the solutions we are considering 
is as large as we like, as we just noted. We have J 8 > dist{g{t)){dG, dH) > j for all 
t G (—1,0) as we explain now. Any smooth regular curve 7 : [0,1] —>■ M ( 7 '(s) Y 0 
for all s G [0,1]) going from dH to dG which lies completely in H‘^ n G and satisfies 
Lg(t){l) G dist{g{t)){dG, dH) + e must satisfy the following: 

Jo 

/*! _ 

> - y y/g(j{r),t = -l)iYir),Y{r))dr 

(5.3) > idist(ci(t =-1))(5G,977) =-^ 
in view of the definition of G and H. Hence 

(5.4) distig{t)){dG,dH)>:^ 
for alH G [—1,0). Notice that this means 

(5.5) *Bj/s{p) C G, 

sincepG i? implies that dist( 5 (f))(p, 9G) > dist{g(t)){H, dG) = dist{g{t)){dH, dG) 
which is larger than or equal to J /8 in view of equation (15.41) . Similarly, for 2 : G 
H'^ n G, let 7 : [0,1] —)• M be the radial geodesic with respect to the metric at time 
t = —1 coming out of p, starting at 2 : and stopping at dG. We have 7 ([ 0 ,1]) C iJ^flG 
and hence 

dist( 5 (t))( 2 :,aG) < Fg(t)( 7 ) 

= / \/9h{r),t)h'ir),Yir))dr 

J^ 1 

< ^ j \/9il{r),'t = -0{'l'ir),l’ir))dr 

(5.6) < 8 L°(_i)( 7 ) < 8 J 
That is, 

dist((/(t))(z, dG) < 8 J for all 2 ; G H^ r\G,t G [—1,0) and 

(5.7) dist{glt))ldG, dH) < 8 J for all t G [—1,0) 

We wish to show that dist(p, 9G, t) is bounded by a constant independent of time. 
Claim: dist(p, 9G, t) < 

Assume that there is some time t G (—1,0) with dist(p, 9G, t) = N > J^. Choose 
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q G dG such that d{p,q,t) = N. This part of the argument was inspired by the 
argument given in the proof of Claim 5.1 in the paper [Topping . Take a distance 
minimising geodesic j : [0, N] ^ M from p to q, at time t, which is parameterised 
by arclength. Consider points 

zo := 7(0), := 7(1), ^2 := 7(2), .■.,Zn:= i{N) = q. 

Without loss of generality J G N. From the above, we see that the first N — 16 J 
points Zo,..., zjv_i 6 j must lie in H, as we now explain. If not, then let Zj = 7 ( 1 ) 
be the first point with i < N — 16 J such that zt ^ H. Then we could join the 
point Zi-i = 7 (* — 1) to dG by a geodesic whose length w.r.t to g{t) is less than 
8 J + 2, in view of (I5.7|l . This would result in a path from p to dG at time t whose 
length is less than N which is a contradiction. Also, using equation (15.4L we see 
that *Bi{zi) C G for all 0 < i < — 16J — 1 {zi € H for such i, so to reach dG 

we must first reach dH and then reach dG: any such path must have length larger 
than J/8 » 1). 

For i G {1,..., N— 1}, the ball *Bi{zi) is disjoint from all other balls *Bi{zj), for all 
j G {0,... ,N} except for its two immediate neighbours *i?i(zi_i) and ‘ili(zi+i), 
since 7 is distance minimising implies 7 I/ is distance minimising for all intervals 
I C [0, N], Hence: for * 0 we have *i?i(zj) fl *Bi{zj) = 0 as long as j ^ t — 1 and 

j i + 1, where i G 1,... ,N — 16J. 

Using the non collapsing estimate we see that 

vol{G,g{t)) > voKudl'^-^-i (‘Hi(z.)) ) 

> vol(uifr'®‘'”'^^" CBliz2^)) ) 

(Af-16J-l)/2 

= VOl(*Hi(z 2 i)) 

(N-16J-l)/2 

(5.8) > Y (70 = ao{N-16J-l)/2 

On the other hand, vol{G, g{t)) < vol(G, (/(—1)) = vol(“^i32j(p)) < e^(7i64J"^ 

in view of the non-expanding estimate and the fact that G is defined independently 
of time (here we used the fact that < df7g{t))- This leads to a contradiction 

since, N = > 16 J -I- ^ if J is large enough and ti is close enough to time 

T before scaling: we need ti close to T to guarantee that the non-expanding and 
non-collapsing estimates hold for balls (after scaling) of radius 0 < r < 2 J. 

This finishes the proof of the claim. 

Note, that this estimate and (15.51) imply that 

(5.9) *Bj/s{p) CG = *—^B2 j{p) C -Bj. {p) 

104 

for all t, r G [—1,0). Repeating the argument for instead of J, we get 
^Bj/s{p)CG =*—^B2j{p)C*B^j,{p) 

(5.10) C G := ‘=-'i?2j^(p)'c ^Bj2.{p), 
for all t,r G [—1,0), and Sing(M) C G. This implies 

Sing(M) = (Reg(M))^ C (Reg_i(M))= 

^*=-^B2j{p)C*B.j4p) 

10 ° 
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(5.11) C G = (p) C (p) 

for all t,r G [—1, 0). 

The general case is as follows. We wish to cluster those points '^Pj. (the centre 
points of the balls appearing in the construction of ,Bk((/(— 1))) together if they 
satisfy the condition: dist{g{t = — l))(*pj,, remains bounded as i -G oo. We 
assume that for each ti, we obtained L balls (independent of i) in the construction 
of BR{g{—l)) : if not, pass to a subsequence so that this is the case. Remember, 
that the solutions {M,g(t) = gi(t))tg(_^. o) are obtained by translating (in time) 
and scaling the original solution (M, g(t))tg[o,T) at good times ti Z' T hy gZ, i) := 
{T — ti)g{-,ti+ ■ So the points in the construction of ;B_R(g(—l)) could depend 

on i. We can guarantee, after taking a subsequence in i if necessary, that there are 
L < L sets, (clusters of points) j G {1,..., Z} and some large constant A < oo 
such that: for all i large enough, for all k, I G {1,..., L}, exactly one of the following 
two statements is true: 

• dist(( 5 (t = —l))(*Pfc, '‘Pi) < A if G ^Ts for some s G {1,..., L}, or 

• dist( 5 (t = -l))(>fc,>,) ^ oo as z ^ oo if G and > G and 

Sy^v,s,v G {1,...,L}. 

We explain now how the sets *Ts are constructed. Fix k,l G {1,... ,L}- If there is a 
subsequence in i such that after taking this subsequence dist((g(< = —l))(*pfc,* pi) -G 
oo as z —>■ oo, then take this subsequence. Do this for all k,l G {!,..., L}. As 
the index set {1,..., A} is finite, after taking finitely many subsequences, we will 
arrive at the following situation: there exists a constant A < oo such that for all 
k,l G {1,..., A} one of the following two statements is true: 

• dist((g(t = —l))(‘pkdPi) oo for all z or 

• dist((g(t = —l))(‘pkdPi) Z A for all z 

Now we define *Ti as the set of all ‘pk, k G {!,... A}, such that dist{{g{t = 
— l))(®Pfe,*Pi) < A for all z. *T 2 is the set of all k G {!,...A}, such that 
dist[{g{t = —l)){^pkdP 2 ) < A for all z. And so on. This gives us sets *Ti,... ,* Tl- 
Each set contains finitely many points, and for arbitrary k,l G {!,...,A} either 
^Tk n *T/ = 0 for all z G N or *Tfc = for all z G N. For fixed z G N: if a set 
appears more than once, we throw away all copies of the set except for one. This 
completes the construction of the sets Ti,... ,Tl (we drop the index z again for the 
moment). 

Take one of these sets, for example Ti. BBi will denote the union of the balls 
B 2 r{z) where z G Ti. Let G BBx be arbitrary : we are rechoosing the points 
(we choose exactly one point Vj? arbitrarily, with '■pj G BBj, and we do this 
for each j G {!,..., A}). Define Gi := *=“^i? 2 j(*pi), Bi := *^~^Bj(Zi) where 
J » max(A, i?) is large but fixed (independent of z). Arguing as in the case of 
one point as above, we see that (for z large enough) 

Gi :=‘=-'A2 j(p)C‘A 1 j,(p) 

10 ^ 

(5.12) C Gi = ‘=- 1 A2J5 (p) C ''Bj., (p) 

for all p G BBi (the choice of *pi G BBi was arbitrary), for all t,r G [—1,0). Note 
that we need z large enough here, to guarantee that all other sets T 2 ,... ,Tp do 
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not interfere with the arguments presented above: that is, we can guarantee that 
n Gi C Reg_i(M) and iJf H Gi C Reg_i(M). Now do the same for the other 
sets BBj, j G {1,..., L}. 

We call the constant L once again L. Hence, 

Sing(M) C (Reg_i(M))= 

(5.13) 

for all t,r G [—1,0), where Jg := Ji ■= 2J^,J2 := 

Note, that by construction we have d(—l)(“^ilj^(®pj), “^ilj^(*pfc)) —>• oo as i —>■ oo 
for j ^ k. 

Scaling and translating back to the original solution, we get 
Sing(M) C (Reg,(M))= 

— (*Pj)) 

— ^ = '^j"=i(* *'-^JiV'r-ti(Vi)) 

(5-14) C Bj^^^7jT:rrXPjy) 

for all t,r G [ti, T). 

The proof of the claim of the theorem is as follows. Assume the conclusion of the 

theorem is false. Then for any constants Jg, Ti, J2, we can find good times ti G {T — 

Wi,T), where Wi -G 0, such that we cannot find points pi(ti),... ,pL{ti), with L < 

— for which (ED holds. Taking a subsequence, as above, and choosing pi{ti) = 

^Pi,... ,PL{ti) = leads to a contradiction if i is large enough. Note at first 

that it could be that L = L{s) < depends on s. But by adding regular points 

Pl(s)+i('S), • ■ .Pi£o (s) which are in Regg(M), and satisfy dist(s)(pi(s),pj(s)) > erg > 
so 

0, for alH > L(s) + 1, for all j G {1,..., the conclusion of the theorem is still 
correct, and the comments which follow this proof are still valid. 

□ 

Remark 5.4. Note, that in the construction above, d(—l)(“^Rjj (*pj), ~^Bj^{'‘pk)) -G 
00 as i > 00 for all j ^ k (before scaling back). Hence, any smooth curve 
7 : [0,1] ^ M which lies in Bj^{^pj))Y and has 7(0) G d{-^BjY"pj)) and 

7(1) G d{~^Bj^Ypk)) must have Tt(7) > N{i) for all t G [—1,0) with N{i) —>• 00 as 
z —>■ 00 (in (ujGi(“^Hji(®Pi)))° we have -^git) < g(— 1) < Wg{t) for all t G [—1,0). 
Hence Bj^Ypj),~^BjY^'Pk)) > N{i) for all t G [—1,0) with N(i) —>• 00 as 

i —>■ 00. Hence, without loss of generality we can assume that the Pj(s) in the 
statement of the Theorem satisfy 

(5.15) d(t)CBj^^(p,(s))YBj^^(pk(s))) > N{s)Vt^s 

for all t G {s,T) for all j Y where Nis) 00 as s T. That is: the new claim 
is the claim of the Theorem l5.ll but with the extra claimThe proof is: repeat 
the contradiction argument at the end of the proof above for this new claim, using 
the information mentioned at the beginning of this remark. 
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Remark 5.5. Note that in the conclusion of the theorem, we may also assume, that 

(5.16) C 

for all r,t G [s,T), for all j S {1,... ,L} holds (not just for the union of the balls). 
Repeating this part of the proof for larger J, but keeping the same Pj{s), we see 
that in fact the following is also true: 

(5.17) ^ K^/T^iPji^)) — ^WK^/T^iPj(^)) — ^ 

for all r,t G [s, T), for all j G {1,..., L} for all K > G K+ as long as jT — s| < 
w{K) is small enough, for all good times s, in view of Remark 15.41 from above. 

As a corollary we obtain that the distance is uniformly continuous in time. We 
explain this in the following. 

Let X, y G M and t G [ti, T) and 7 : [0,1] —>■ M be a distance minimising curve with 
respect to g{t) from x to y, dt{x, y) = Lt{^), ti a good time close to T. We use the 
notation Lt^cr) = Lg(^t){’x) here, to denote the length of a curve a with respect to 

git)- 

We modify the curve 7 to obtain a new curve 7 : [0,1] —>■ M in the following way: if 
7 reaches the closure of the ball (^y^) (here, = Pkiti), k G {1,... ,L} 

and Jo,Ji,J 2 are from the above construction) at a first point 7(r) then let 7(f) 
be the last point which is in the closure of the ball (Vfc) (it could go out 

and come in a number of times). Remove 7|(ry) from the curve 7. In doing this 
we obtain the finite union of at most L + 4 curves . Call this finite union 7 and 
consider it as a curve with finitely many discontinuities. 

The new 7 has 

(5.18) Lti-y) < Ltij) = d{x, y, t) 

Now i^k=i^ ^ JoVT^iPk))‘^ — I^®gti(-^) (Jo coming from (15.11) above), as we saw 
above, and the Riemannian metric is uniformly continuous (in time) on Regj.(M) 
for good times ti. That is, for all e > 0 there exists a 6{e,ti) > 0 such that 

(5.19) (l-e)y(y,t) < y(y,s) < (l + e)y(y,t) 

for all y G B for all ti < t,s < T, |t — s| < 5 in view of (14.111) 

and the fact that y G . (yfc))° C Regj. (M). Hence ^*(7) > Ls{^) — ce 

for all T — (5 < t, s < T in view of the fact that the diameter of the manifold is 
bounded: more precisely, = (1 - yp7)Ts(7) > ^5(7) - £^^(7), 

and Lsi^) < (1 +e)Tt(7) < (1 + e)d(x,y, t) < 2D, in view of (15.181) and (15.191) . and 
hence 


(5.20) Lt{j) > Ls{y) - 2De 

for all T — (5 < t, s < r as claimed. Putting (15.181) and (I5.20p together we get 


dix,y,t) >Lt{j) 

> As (7) - 2T>£ 

> d{x, y, s) — 2Ls — 2De. 


(5.21) 
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The last inequality can be seen as follows: when 7 reaches a ball 
it must also be in by estimate (15.161) . So the two points of discon¬ 

tinuity on 7 may be joined smoothly by a curve with length (with respect to g{s)) 
at most 2J2\/T — U, which is without loss of generality less than e. Doing this 
with all of the points of discontinuity (that is with all the balls), we obtain a new 
continuous curve 7 from x to y with length Ls{^) < 2Le + Lglfj), which implies 
Ls{^) > Ls{^) — 2Le > d{x, y, s) — 2Le as claimed. 

Swapping s and t in this argument gives us 

(5.22) \d{x,y,t) - d{x,y,s)\ < Ce 

for all T — (5 < t, s < T, where x,y € M are arbitrary, and the constant C appearing 
here does not depend on the choice oi x,y S M. Smoothness of the flow (and 
bounded diameter of M) for < < T implies that: 

Theorem 5.6. Let {M, g(t))t^[o^T) be a smooth solution on a compact manifold 
satisfying the basic assumptions. For all e > 0 there exists a 6 > 0 such that 

(5.23) \d{x,y,t) - d{x,y,s)\ < e 
for all x,y G M for all t,s € [0, T) with |f — s| < <5. 

6. Convergence to a length space 

The results of the previous sections imply that {M,d{g{t))) —>■ {X,dx) in the 
Gromov-Hausdorff sense a.st T, where {X, dx) is a metric space, and that away 
from at most finitely many points xi,..., icl G X we have that X\{xi,... Xif} is a 
smooth Riemannian manifold with a natural metric and that the convergence is in 
the Cheeger-Gromov sense. Furthermore, {X,dx) is a length space (we explain 
all of this below). 

In the paper [BZ] , the authors also showed independently, with the help of estimates 
proved in their paper, a similar result to the result mentioned above (see Corollary 
1.11 of their paper). 

The previous sections of this paper give us lots of information on how well the limit 
{X, d) will be achieved and what the limit looks like, geometrically and topologically, 
near singular points. We will use the results of the previous sections combined 
with a method of G. Tian (in |Tianp to show somewhat more than the result 
mentioned at the start of this section: namely, we will show that {X,dx) is a 
Riemannian orbifold, smooth away from its singular points (this is shown in 
Section [5]). In the last section of this paper we explain how it is possible to flow 
(7° Riemannian orbifolds of this type using the orbifold Ricci flow and results from 
the paper [SimCO] . 

We construct the limit space {X,dx) directly using the following Lemma, which 
relies on the uniform continuity of the distance function (in the sense of Theorem 

\m- 

Lemma 6.1. Let (M, g{t))t^[Q^T) be a solution to Ricci flow satisfying the standard 
assumptions. Then 

X := {[x] I X € M} where [x] = [y] if and only if 

d{x, y,t) ^ 0 as t yF T. 


( 6 . 1 ) 
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X is well defined. Furthermore, the function dx : X x X ^ 

(6.2) dx{[x],[y]) := \im d{x,y,t) 

t/'T 

is well defined and defines a metric on X. 

Proof. If d{x,y,ti) —>■ 0 for some sequence ti Z' T, then d{x,y,Si) —>■ 0 for all 
sequences Si Z T, in view of Theorem 15.61 This means that [x] is well defined, 
and hence X is well defined. Define dx{[x], [y]) = limi_>.oo d{x,y,ti) where U Z T 
is any sequence of times approaching T. The limit on the right hand side is well 
defined in view of the theorem on the uniform continuity of distance lTheorem l5.6ll 
and dx is then also well defined, due to the theorem on the uniform continuity of 
distance iTheorem 15.611 and the triangle inequality on d{-,-,t). 

From the definition, we see that dx{\x\,\y\) = 0 if and only if [x] = \y\. The 
triangle inequality of, and symmetry of dx follows from the triangle inequality of, 
and symmetry oi d{-,-,t). □ 

This {X, dx) is the limiting metric space of (M, d(5(t)))tg[o,T) in view of the theorem 
on the uniform continuity of distance, as we now show. 

Lemma 6.2. Let everything be as in Lemma \6.1\ above. The function f : M ^ X 
is defined by 

(6.3) f{x) := [x]. 

/ : (M,g{t)) —>■ {X,dx) is a Gromov-Hausdorff approximation in the sense that 

\dx{f{x), f{y)) - d{g{t)){x, y)\ < e{\T - t\) 

(6.4) X := f{M), 

where £(r) —>■ 0 os r \ 0. f is continuous and surjective and hence {X,dx) is 
compact, precompact, connected and complete. In particular {M, d{g{t))) —>■ {X,dx) 

as t Z T ■ 

Proof. The first claim of the theorem follows immediately from the theorem on the 
uniform continuity of distance and the definition of X. Now we show that / is 
continuous. Let U be open in X and B,;{p) C U. Due to the uniform continuity 
of the distance function, we know the following: for all e > 0 there exists a <5 > 0 
such that /('^^‘^Se/ 2(9)) C '^^Bsfp) for all |T —t| <5 where q is an arbitrary point 
with f{q) = p (there could be lots of such points). Hence ^^*^Bg/ 2 {q) C f~^{U). 
Since p G U was arbitrary, and q with f{q) = p was arbitrary, we have shown the 
following: for any point q G f~^{U) there exists an e{q) and a t^^g < T such that 
C f~^{U). So we can write 

Each of the sets contained in the union is an open set in {M,d{f)) for any t < T 
and hence, / is continuous. Hence {X,dx) is compact, being the continuous image 
of a compact space, and hence complete and precompact as it is a metric space. □ 

We have shown / : M —> X is a continuous surjective map, where the topology on 
X comes from dx and that on M is the initial topology of the manifold M, which 
agrees with that coming from the metric space {M,d{g{t))) for any t < T. Note 
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that the map f : M ^ X is not necessarily injective: it could be that a set 
containing more than two points is all mapped onto one point in X by /. 

Let ) ■ • ■) be the points constructed in the previous section (in the possibly 
singular region) for large i. Taking a subsequence we can assume that f{^Pk) —t Xk 
as z —>■ c» for all k G {1,... ,L} for some fixed xi, - ■ ■ ,xl- We do not rule out 
the case Xj = Xk for j ^ k. After renumbering the x'jS we have finitely many (we 
use the symbol L again) distinct points Xi,..., xl, and Xi ^ Xj for all i ^ j, z, j G 

Definition 6.3. Let [x] G X, x G M. We say [x] is a regular point in X if [x] 
contains only one point, and [x] is a singular point m A, if [x] contains more than 
one point. 

Remark 6.4. Notice that the notion of singular point and regular point differs de¬ 
pending on whether the point is in X or M. The following theorem gathers together 
properties that we have already proved and shows that there is a connection be¬ 
tween the different notions of singular and regular. 

Theorem 6.5. Let (Af, g(t))tg[o_T) be a solution to Ricci flow satisfying the basic 
assumptions, and (A, dx), Xi,X 2 , ■ ■ ■ ,xl G X as above. Then 

(i) A\{xi,..., Xi} C /(Reg(M)) C Reg(A) and /(Sing(M)) C {xi,..., xl}. 

(ii) V := f~^(X\{xi,... ,xl}) C Reg(M), V is open and f\v : R —>■ A 
is an open, continuous, bijective map, and hence f\v ■ V ^ f{V) := 
A\{xi,..., xl} is a homeomorphism. 

Proof, (i) Take a point x ^ {xi,...,xl}. Then dx{x,Xj) > e > 0 for all j G 
{1,..., L} for some e > 0. Let [ 2 ] = x. Remembering that \fpj\ —>■ Xj as z —>■ 00 , we 
see that dxi\z\, YPj\) > f > 0 for all j G {1,..., L} if z is large enough. Fix z large. 
Then we can find a i{i) such that d{z, '‘Pj^t) > e/A for all i{i) < t < T near enough 
to T, for some i{i) > for all j G {1,..., L} in view of the definition of dx- Scaling 
as in the proof of Theorem 15.11 (and using the notation of the proof), we see that 
d{z, ^Pj,—Si) —>■ 00 for all j G {1,..., L}, for some 0 < Si < 1 as z —>■ 00 , and hence 
2 : G Reg_i(M) C Reg(M) due to (I5.13L and hence x = [z] = f{z) C /(Reg(M)). 
This shows that A\{xi,... ,xl} C /(Reg(M)) and hence we have shown the first 
inclusion of (i). Let z G Reg(M) be arbitrary. Then 2 G Regj(M) for t close 
enough to T by definition. Choose a good time t and scale the solution by 
and translate the the solution in time (as in the proof of Theorem 14.51 above). 
Then 2 G Reg_i(M). Hence d{z,y,t) > ■^d{z,y,—l) for all y G ~^B^{z) for all 

t G (—1,0) in view of (14.121) . and d{z,p,t) > infyg 9 (-iB ^ (z)) d{z,y,t) > £0 > 0 for 

200 

all t G (—1,0), for all p G B 1 ^/ 200 {^)Y for the same reason. That is f{z) = [ 2 ] is 
not singular, since lim^yio d{z,y,t) > 0 for all y ^ 2 , z/ G M. That is /(Reg(M)) C 
Reg(A). This shows the second inclusion of (i). Now we prove the last statement 
of (i). Let p G Sing(M). Assume f{p) G A\{xi,..., Xl}. Then we know that 
there exists a x G Reg(M) such that /(x) = f{p) in view of the set inclusions just 
proved. But then [x] = [p] and x ^ p (since Reg(M) and Sing(M) are disjoint). 
Furthermore [x] G Reg(A) due to the set inclusions just shown. This contradicts 
the definition of Reg(A). Hence, we must have [p] = f{p) G {xi,...,xl}. This 
finishes the proof of (i). 
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(ii) Let z g f~^{X\{xi,, xl})- Then f{z) S X\{a:i,..., xl}- If z S Sing(M) 
were the case, then we would have /(z) g {xi,... ,xl} from (i), which is a con¬ 
tradiction. Hence z g Reg(M). That is V := f~^(X\{xi,...,XL}) Q Reg(M). 
V is open, since / is continuous, und X\{xi,... ,xl\ is open. From the above, 
f\v : H —>■ X is injective: assume there exists x,y gV with f{x) = [cc] = [y] = f{y). 
X G V implies [a:] g X\{a:i,... ,xl} and hence [x\ G Reg(X) from (i). Combining 
this with [cc] = [y], we see that x = y in view of the definition of Reg(X), that is 
f\v '. V —>■ ..., xl \ is injective. Let (f : X\|a:i,..., xl \ —>■ R be the 

inverse of/|y : V X\{xi,..., xl}. Then : N := X\{xi,... ,xl} ^ M 

is continuous as we now show. Assume [zk\ —>■ [z] in f{V) = X\{xi,... ,xl} as 
k ^ oo. Using the fact that /|y : U —>■ X is injective, we see that there are 
unique points Zk,z g V such that f{zk) = [zk] and /(z) = [z]. Furthermore, 
z/c,z g Reg(M): if Zk respectively z were in Sing(M), then we would have f{zk) 
respectively /(z) g {cci,..., xl} which is a contradiction. 

Assume Zk does not converge to z. z g Reg(M) and hence we can find a good time 
ti near T such that z g Reg^. (M). Fix this ti. Zk doesn’t converge to z means: we 
can find a an e{i) = e(ti) > 0 and a subsequence (zfc,i)fcgN of (zfc)feGN (depending 
possibly on i), such that d{ti){zk,i, z) > e{i) for all A: g N. Scale at a time ti and 
translate as above to t = —1 (as in the proof of Theorem 14.51) . Then we have 
z g Reg_i(M) and d(—l)(zfc,i, z) > e{i) > 0 for all k gN. 

Hence (arguing as above) d{z,Zk^i,s) > ■^d{z, Zk^i, —1) > e{i) > 0 for all z^ ^ g 
“ii?_R_(z) for all s g (—1,0) in view of (14.121) . 

and d{z,Zk,i,s) > iniy^gt^-iBd{z,y, s) > Eq > 0 for all s G (-1,0), for all 

200 

Zi k G _b^(z)Y for the same reason. 

’ 200 

Taking a limit s 0, we see dx{[zk,i\,[A) — ^(*) > 0 for all A: g N , which 
contradicts the fact that [zk] —>■ [z] as A: —)> oo. 

□ 

These facts allows us to give A\{a;i,... ,xl\ a natural manifold structure, as we 
now explain. 

Proposition 6.6. Let everything be as in Lemma [675\ above. N = A\{a:i,..., xl} 
has a natural manifold structure and with this structure flv-V^Nisa diffeo- 
morphism, V := f~^{N). There is a natural Riemannian metric I on N defined by 
I := iimt/^T f*g(t). 

Proof. For x G N, let x G V C M he the unique point in V with f{x) = x. 
Let Y ■ U CC V CM—be a smooth chart on M with x G U, and let 
U := f{U). U is open from the above. Define a coordinate chart tp \ U C X —>■ R'^ 
hy (p = ijj ° {f\v)~^- Clearly these maps define a C°° atlas on N (the topology 
induced by / : U —>■ X on X is the same as that induced by dx on X). Using this 
atlas on X, /|y : U —>■ X is then a smooth diffeomorphism per definition. 

Also, we can define a limit metric / on X in a natural way: let I := iim.t/'T /*(<7 (A))- 
This metric is well defined. Let [z] g X and z be the corresponding point in V. 
z G Reg(M) because of (ii) above. Hence z g Reg^M for all good times t near 
enough T and hence, after rescaling as in the proof of Theorem l4.5l z g Reg_i(M). 
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Fix coordinates ip : U CC V ^ U C with U C Let refer 

to the metric g{-,t) with respect to the coordinates ip. Then gij{t) —>■ Uj as t 0 
for some smooth metric I on ip^U), in view of the estimates in the statement of 
Theorem 14.51 (see for example the arguments in Section 8 of [HaForm] 1. Noting 
that f*{g{t))ij{-,t) = gij{',t) in the coordinates ip = tp o (/|y ) ^ : f/ —>■ we see 

that this limit is well defined. □ 

Notice that for each x,y G X we can find a z with dx{x, z) = dx{z, y) = ^dx{x, y): 
this follows by using the Gromov-Hausdorff approximation /, and the fact that this 
is true for d{g{ti)) (for a sequence of times ti Z' T), and using the compactness of 
M and X. Hence, since {X,dx) is complete, we have that {X,dx) is also a length 
space. We include the statement of this fact and others, some of which appeared 
already in this section, in the following theorem. 

Theorem 6.7. Let everything be as in Provosition 1 6 ‘. 61 and let pi,...,pL G M 
be arbitrary points with f(pj) = Xj for all j G {!,..., L}. {X,dx) is a compact 
length space, with length function Lx, and {N, 1) = (X\{a;i,... ,xl}, 1) is a smooth 
Riemannian manifold with 

(a) sup,,, \d{g{t)){x,y) - dxifix),f{y)\^ 0 as t/■ T, and hence 

(6.5) sup ^ 0 as tT, 

r^[0,D] 

for arbitrary pj G M with f{pj) = Xj. 

(b) Let N be a component of N and dpj ^ the metric induced by {N,l) on N. 
Then, for all x G N, there exists an open set U CC N with x G U, such that 
dx\u = dpf i\u and voli{E DU) = dpLx{E fl U) for all measurable E C N, 
where dpx refers to n-dimensional Hausdorff-measure with respect to the 
metric space {X,dx), and vol; is the volume form coming from I on N. 
Hence, dpx\N = vol; if we restrict to measurable sets in N. 

(c) Lx(7) = Li(pf), in the case where j is a piecewise smooth curve which lies 
completely in N = X\{xi,..., xl}- 


Proof, (a) follows directly from Lemmata l6.3l[^3] and l51^ As we mentioned above, 
for each x,y G X we can find a z with dx{x,z) = dx{z,y) = \dx{x,y)'. this 
follows by using the Gromov-Hausdorff approximation /, and the fact that this is 
true for d{g{ti)), and using the compactness of M and X. Hence, since {X,dx) 
is complete, we have that {X,dx) is also a length space, see Chapter 2 and in 
particular Theorem 2.4.16 of |BBI] : in the proof of Theorem 2.4.6 in [BBI] , it is 
shown, that one can construct a continuous curve 7 : [0, Z := dx{x,y)\ —^ X such 
that dx{j{s),^{t)) = |t — s| for all 0 < s,t < I, and hence dx{x,y) = Lx{j) 
where, for a : [a, 6] —>■ R a continuous curve, Lx{<j) is the supremum of the sums 
= Sfci dx{cr{yi-i),cr{yi)) over all finite partitions Y = {yi,.. . ,yAr}, N gN 
of [a, 6]. Hence all points x,y can be joined by a continuous geodesic curve 7 : 
[0,s] —>■ X such that Lx(7|[o,6]) = dx{j{b),j{a)) for all 0 < a, 6 < s. We are using 
the notation of dm]: a geodesic in a length space is a continuous curve whose 
length realises the distance. 
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Let q € N = X\{a;i,... ,xl}- Then q € N, the unique connected component of 
N containing q. For the proof of (b), di will refer to d; ^ the distance function 
associated to {N,l). 

From the above (Lemmata 16.51 and 16.61) . there exists a unique q G M such that 
/(?) = d) and we can find a neighbourhood Z CC U CC N and coordinates 
ip : U ^ with x G U, U := p{U), Z := p{Z), ip{q) = p. By choosing e > 0 
small enough, we can guarantee that '^‘Biooe{q) and ‘^^i?iooe( 9 ) are compactly 
contained in Z. Using the fact that gij{t) —>■ Uj in the norm on (7 = (p{U), we 
see that every smooth, regular curve j : I ^ IJ with 7 ( 0 ) G B 2 e{q) B 2 e{q)) 
which leaves Z must have length larger than lOe with respect to gij{t) if |t — T| <6 
(and with respect to kj), in view of the fact that (1 — i)lij < gij{t) < (1 + £)kj in 
U ii \t — T\ < S, S small enough. Hence, for x,y G ‘^‘B 2 eiq) '^^B 2 e{q), we have 

di{x,y) = di^^{(p{x),p{y)), where U = p{U), 1 = = ((y)iyG{i,....n} and d^jj is 

the distance on the Riemannian manifold (C/, 1). Similarly, dg{t){f ^iy)) = 

dW = if \T - t\ < e, where we 

are using the coordinates p = tp o f~^, introduced in Proposition [R 6 ] [Explanation. 
Without loss of generality, \dg(t)(f~\x)J~^{y)) - dx{x,y)\ < e for [T - t| < e, 
and hence dg(^t^{f~^{x),f~^{y)) < Se. If 7 is any curve in M between f~^{x) and 
f~^{y) whose length is less than Ae, then 7 must lie in f~^{Z): otherwise, pushing 
down to U with the coordinates tp, we would obtain a part of the curve having 
length larger than lOe, which is a contradiction. End of the explanation]. This 
shows us 

dx{x,y) = limt 7 .rdg(t)(/"^(a;),/"^(j/)) = d~^^^-^ p!{p{x),p{y)) 

= dj jy{p(y),p{y)) = di{x,y), as claimed. Furthermore, since I is smooth, we 
can assume that e > 0 is so small, that vol; hence 

vol; pB^iq) = si^ce dx = di on ‘^‘B^{q), where here is Hausdorff- 

measure on {N,di). This finishes the proof of (b). 

It follows, that Lx{cr) = Li{a) for any piecewise smooth tr : [0,1] —^ 7f\{a;i, ... ,xl} 
curve: we cover the image by small balls for which on each of the balls dx = 
dp and use the fact that locally, Li{a) is the supremum of the sums E(U) = 
Ylf=idi{cr{yi-i),cr{yi)) = J2^=idxicr{yi-i),a{yi)) over all finite partitions Y,Y = 
{yi, ■ ■ ■ ,yN},N G N of [a, 6] (without loss of generality, a[yi,yi+i] lies in a small 
ball on which dx = di). This is (c). □ 


7. Curvature estimates on and near the limit space 

Let dpx denote Hausdorff-measure on the metric space {X,dx)- This is an outer 
measure and defined for all sets in X. See for example Chapter 2 of |AT) . Let dpi = 
vol; refer to the measure on N = X\{xi,... ,xl\ coming from the Riemannian 
metric 1. From (b) in Theorem 16.71 above, we saw that dpi = {dyx)\N when we 
restrict to measurable sets in N. Hence for any measurable set E in N, we have 

(i) dy,i{E) = dgx{E) = limex^o dy,x{EY^ B^{p)) = lim^N^o dgi{EY^ B^{p)) 

(ii) By construction I is the limit of the pull back of the metrics g{t) by f~^, and 

hence, cgr^ < dy-i('^^ Br/ 2 ,r(^i)) < cir^ for all r < diam{X), where co,ci 
are fixed constants. This can be seen as follows. Let U := Br/ 2 ,r{xj)- 
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Then *Bri 4 {pj) C U ■= f~^{U) C *B 2 r{pj) for all t with \T — t\ < S small 
enough, in view of the definition of /, and the uniform continuity in time 
of the distance function (here pj is an arbitrary point with f{pj) = Xj), 
and hence < volg(t)(C/) < cir"^. Letting t /' T and using volg(t)(C/) = 
vol/^(g(t))(C/) —>■ vol;([/) = dpLi{U) implies the claimed estimate. 

(hi) Hence the non-collapsing/non-expanding estimates Br{z)) < 

must also hold on X for some constants 0 < (TojCTi < oo, for all 
r < diam(X) .We denote the constants 0 < fTo^o-i < oo once again by 
0 < CTojCn < oo. That is, the non-collapsing / non-expanding estimates 
survive into the limit. 

In view of the results of the previous sections we have 

Theorem 7.1. Let everything he as in the previous section (X, Xi,...,xl are 
defined in Lemma 1 6. 5\ and I is defined in Lemma \6.b\) . Then, 

(^) 

(7.1) [ \Riem{l){x)\'^dpx < Ko ■= co{go,T) 

Jx 

where co{go,T) is the constant appearing in (12. ip . and we define |Riem(Z)(x)| = 0 
for x € {ail ,... ,xl} (this is a measurable function, since dpLx{S) = 0 for any finite 
set sex). 

(ii) The following flatness estimates are also true. 

Let (ai)igN be any sequence with at oo, and let k = afl, di = ^/dfdx. Then for 
allO<a<N<oo,KGN, we have 

(7.2) |V^ Riem(Zi)(a:)| < e{i, a, N, K) onB^^xixj) 

where e(i, a, N, K) —>■ 0 as i ^ oo for fixed N, a, K, and j € {1,..., L}. 

Remark 7.2. Note that we obtain the result dU) for all sequences. It is not 
necessary to pass to a subsequence in order to obtain the result. 

Remark 7.3. Compare the estimates with those stated in Corollary 1.11 in [BZj . 
which were obtained independently. 

Proof, (i) 

Using the theorem on monotone convergence (see for example Theorem 2 Section 
1.3 in [EGp and the fact that dpx(j(eiBs{xi)) —)> 0 as e \ 0, we see that 

/ \Riem.{l)(x)\‘^dp.x{x) 

Jx 

= lim / I Riem(p(x)pd^x 

Jx\{uf^^Be{xi)) 

(7.3) = lim lim / \Riem{g{t)){x)\^dpt < Ko 

e\,0 t/'T Jf-i(X\{uf^^Be{xi))) 

This finishes the proof of (i). 

(ii) 

Let Ci := where U is a sequence of good times. Scale and translate in time 
(M, (/(t))tg[o_r) as in Theorem l4.51 we call the resulting solution also (M, g(f))jg(_^. q), 
and scale dx by di = y/cidx- Notice that di(xk,xi) —>■ oo as f —)> oo and we will 
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only be concerned with these blow ups near one point Xk'- without loss of gener¬ 
ality Xk = xi. Assume xi S /(Sing(M)), and let pi G Sing(M) be a point with 
/(pi) = xi- If a;i G /(Reg(M)), then the theorem follows by blowing up the re¬ 
gion around xi, which has a Riemannian manifold structure. From the estimates 
of Theorem 15.11 we have Sing(M) C (Reg_ 2 (M))‘^ C (®Pfc)) and hence 

Pi G for some k G L}: renaming the {'‘p^)'s we can assume 

Pi G and hence 

(7.4) |V^ Riem( 5 r,(t))| < Cj on (uLi(”^-S 2 Ji(>fc)) )Mf f G (-^,0), 

in view of the estimates (14.171) . where ^p^ = pi. From Remark 15.51 we see that, 
without loss of generality, ‘i? 2 Ji(Pi) C ~^B 32 Ji(pi) C *^B 25 j 5 {pi) for all t G (—1,0] 
and *i? 7 v(pi) C “^Ri 6 Ar(pi) C *Bj^ 5 {pi) for all t G (—1,0] if i is large enough. 
Hence, using the fact that d(—l)(*Pj/ 7 'fe) —t oo as * —>■ oo (see Remark [5Hll for all 
j 7 ^ k, we see that *Bn{pi) n (‘H 25 j 5 (pi))= C “^Ri 6 iv(pi) n (“^H 32 Ji (pi))'" and 

Riem(pi(f))l < Cj 

on “^Hi6iv(pi) n {~^B32j{pi)y 2 *B7v(pi) n (‘^25js(pi))'= 

(7.5) ifte(-i,0 ), 

and hence, taking a limit t T, we see that 

(7.6) JV-’ Riem(li)l < Cj on '^'Bn{xi) D {‘^'Bj^{xi)y, 

where k = Cil, J 4 := 2^Jf. Using that ] Riem(/)(x)l^(ipx(a;) —>■ 0 as 

r —>■ 0, we see that 

(7.7) / \Riem{li){x)\‘^dfj,{i) x(a;) —t 0 as i —>■ 00 , 

where dp(i)x is Hausdorff-measure on {X,di), and hence 

1 Riem(li)(a;)l < e{i) —>■ 0 as i —>■ 00 on ‘^‘Rj^+i^iv-i(a^i) 

in view of the fact that jV-i Riem(/i)j < C^for all j < K on the same set {Cj not 
depending on z). In fact we may assume smallness for all gradients up to a fixed 
order. This can be seen as follows. Introduce geodesic coordinates at a point rrii G 
Bj 5 ^i x-i{xi)- The injectivity radius at rm is larger that /3 > 0 for all metrics 
independent of i in view of the injectivity radius estimate of Cheeger-Gromov- 
Taylor, Theorem 4.3 in [CGTj . and the non-collapsing/non-inflating estimates. Now 
using Theorem 4.11 of [HaCom^ , and writing li in these geodesic coordinates, we 
get < C{K) for all fc G {1,..., K}. Hence taking a subsequence, we get 

a limit metric in C^~^{Bp{Q)), which is equal to J, by Theorem 4.10 of |HaCom^ . 

That is, without loss of generality, 

(7.8) JV* Riem(Zi)(a::)l < e(z) —>■ 0 as z —>■ 00 on ,N-1 (xi) 

for all fc < AT G No, where K is fixed but as large as we like, for k = al, d = ^x-u) ’ 
where A T is a sequence of good times, where we took various subsequences to 
achieve this. In fact the equation (17.81) is true for any sequence Ci 00 : it is 
not necessary to take a subsequence, and it is not necessary that Ci has the form 
Cj = (T-t ) ’ S'i'S good times. We explain this now. First, the statement 

is true for any sequence of the form a = then take a sequence for 
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which it fails. Taking a subsequence, if necessary, in the proof above, we arrive at 
a contradiction. 

Now let Ci —>■ c» be arbitrary. We can always write Ci = some sequence 

of good times ti T and G (1/4,4), in view of Lemma Now (j7.8l) holds for 
the metrics k = as we have just shown, and hence, for k = = aJi, 

we get 

|V^ Riem(lj)(a;)| < e{i) —>■ 0 as i —>■ oo on i (jv-i)(a:i) 

Now let tti be an arbitrary sequence going to infinity, and li = aj. Writing = Cil 
with Ci = qfjQ see that U = and hence, using the fact that N 

was arbitrary (but large), we get, 

|V^ Riem(/i)(a;)| < e{i) —>■ 0 as i —>■ oo on 


□ 

So we see that the manifold is becoming very flat away from singular points, in 
the sense just described, after scaling. Using these flatness estimates we will show 
that X is a generalised (7° Riemannian orbifold. We wish also to show that at each 
possible orbifold point there is only one component: that is, that X is actually a 
C® Riemannian orbifold with only finitely many orbifold points. To do this, it will 
be necessary to obtain approximations of the blow ups Ba,N{xi)) (constructed 
in the proof above) by Riemannian manifolds which have certain nice properties. 

This is the content of the next theorem. 

Theorem 7.4. (Approximation Theorem) 

Let I and X, xi,..., xl, be as in Lemma \6.5\ and Lemma [M There exist smooth 
metrics gi on M, and points pj G M for j G {1,..., L} such that 

dGH{^'BN(^i){pj),‘^'BN(^i){Xj)) < Ui 

|V^ Riem(/j)|^ < Oj on and 

(7.11) ( Blif is Oii close to (^ .^cr(z),N( 2 )(Pj)jlli) 
in the sense, and 

(7.12) / |Ricci( 5 i)|^d/rg. —>-0, as i ^ oo, 

JM 

where di{-, ■) = Uidxi', ■), h = a'^l and ai,a{i),ai,N{i) G K.’*" are numbers satisfying 
0 < ai,a{i) —>■ 0 as i ^ oo, ai,N{i) oo as i ^ oo. 

The condition e close in the sense, is made precise in the proof of the theorem, 
and the approximations are always achieved with f. 

Proof. Let Xj be fixed. If Xj G /(Reg(M)) then the theorem follows directly using 
the definition of close and Theorem Q] (see below). So assume Xj = x\ ^ 
/(Reg(M)) and let /(pi) = aq. 

Let ti be a sequence of good times and scale by := translate as in the 

proof of (ii) Theorem 17.11 
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First we use a similar argument to that given at the end of Section [5] to show that 
\dt{-, •) — ds{-, •)! < C{Ji) for all t,s € {—S{N, Ji), 0] for all x,y G We 

use the notation from the proof of (ii) Theorem 17.II in this argument, and we take 
various subsequences when necessary. 

Let x,y G be arbitrary in, and 7 a distance minimising curve between 

these two points w.r.t to g{t) (7 must lie in *Bn{pi) and we have ^ 4 ( 7 ) < N). 

We modify the curve 7 to obtain a new curve 7 : [0,1] —>■ M in the following way: if 
7 reaches the closure of the ball *B 2 Ji(pi) at a first point 7 (r) then let 7 (f) be the 
last point which is in the closure of the ball *i 32 Ji(pi) (it could go out and come in 
a number of times). Remove 7 |(r,r) from the curve 7 . In doing this we obtain the 
finite union of at most 2 curves 71 and 72 . Call this finite union 7 and consider it 
as a curve with finitely many discontinuities. 

The new 7 has 

(7.13) Lt{j) < Lt{j) = d{x,y,t) < N 

From equation (ESI) in the proof above, we see that for all e > 0 there exists a 
<5(e) > 0 such that 

(7.14) (1 - e)g{y, t) < g{y, s) < (1 + e)g{y, t) 

for all y G ^Bj^^n{pi) = *- 825 js Ar(pi) C “^R 32 J, 16 Iv(pi) for all t,s G (-<5,0] (<5 
independent of i: use (|7.5I) and the evolution equation = — 2Ricci(g)). Hence 
84 ( 7 ) > Ts( 7 ) — £- 84 ( 7 ) > Lg{^) — eN for all t,s G (—<5, 0], which, when combined 
with (17.131) . gives us 

d{x,y,t) > Lt{^) 

> Ls {^) - eN 

(7.15) > d{x,y, s) — eN — J^. 

The last inequality can be seen as follows: when 7 reaches the ball *Bj^{pi), it must 
also be in ®Rj 5 (pi) in view of Remark 1 5.5 1 So the two points of discontinuity on 7 
may be joined smoothly by a curve with length (with respect to g{s)) at most 2 . 

Call this curve 7 . Hence Ls( 7 ) < 2J|+^ 5 ( 7 ), which implies Ls{j) > Ls{^) — 2J^ > 
d{x, y, s) — J 4 as claimed. So we have d{x, y, t) > d{x, y, s) — Jj if we choose e = ■^. 
Swapping s and t, we see that 

(7.16) \d{x,y,t) - d{x,y,s)\ < jJ 

if t, s G (—(5,0], and x,y G ‘i?jv/ 4 (pi) where S = 6{N,J) and may depend on the 
solution, but does not depend on i, as long as i is large enough. 

In particular, *Bjioo i^{pi) Q ®i?j 5 o w.(pi) C *Bj5 j^(pi) for all N > and 

i large enough, for all t,s G (—^, 0] where 5 = S{N,J) and may depend on the 
solution, but does not depend on i. Notice, by taking a limit s Z' 0, we see 

/(‘Hjioo,^(Pi))C'^.R^,o .(xi) (*). 

Using dia, and the evolution equation for the curvature as in Section 8 of [HaForni] , 
we see that 

(7-17) \f*i9ii)) - < £ 

if t G {—S{k, e), Oj. We explain now why Inequality (I7.I7|) is true. To see this, work 
with fixed geodesic coordinates (p : Big (z) —>■ Big ( 0 ) of radius larger io > 0 at any 
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point in z G Bj5o^jq{pi) (these exist because of the curvature estimates of the 
previous theorem, Theorem 17.11 and the non-collapsing estimates). Writing U in 
these coordinates, (we drop the i in these coordinates and call f*{g{t)) also g{t) 
in the coordinates) we have < lij{-) < CSij, < C on i?io( 0 ) 

for some C not depending on i, where here D is the standard euclidean derivative 
(the manifolds are non-collapsed and satisfy the curvature bounds of Theorem 1 7. II 
see Corollary 4.12 in [HaCom^ for example). Using the evolution equation for g{t) 
and the curvature bounds, and the fact that ^( 0 ) — / = 0 we see, using arguments 
similar to those of Section 8 in |HaForm] . < g{t) < \D{g{t) — l)\ < C\t\, 

\D‘^{g{t) — ^)| < Ct and so on. This implies — 5 (t))|gp) + — 

g{t))\^ < £ on Big{z) if |t| < 6{C,s), where 6 is chosen near enough to 0. This 
finishes the explanation of why Inequality (17.171) is true. For a tensor T and a 
metric I defined on U, we have used the following notation: 

k 

\T\Ihu.i) 

where refers to the jth covariant derivative with respect to I, ii j G N, 
and := T. Note that this <5 doesn’t depend on i. In fact, what we have 

shown, is Ej=o - 5(0)l3.(t)(/”H^)) + - /,ff(t))|^,( 2 ) < £ 

for all t G (—(5,0) if z G ^'Bj^o ,n{pi)- Hence, using (*), we have also shown 
E-=o l®^‘^V^ (r(;.)-ff(i))l^(t)M + l"^V^ (Z.-/,g(t))|2 (/(u;)) < £foralH G (-<5, 0) 

if w G ‘Hjioo N (pi). 

Scaling the solution by (yrorr)^, and assuming N = °° we see that \g{t) — 

f*(.h)\cH*B^ fi{p^).g{t)) < o- and \Mg{t)) - it t G (-(5,0] 

(the original £ is as small as we like) and \d{x,y,t) — d{x,y,s)\ < a it t,s G 
(—(5,0] and x,y G ^B^{pi). Choosing i large enough, and a time ti G (—(5, —|) 
which corresponds to a good time of the original solution, we see that we may as¬ 
sume without loss of generality, that gi := g{ti) satisfies |Ricci((j(i)|"'^c?/rgj < a. 
gi is our first metric. It satisfies \gi - f*ik)\c'<^inB^ ^ “i’ l/*(5i) - 

^ and \d^{f (x), f {y)) - dg,{x,y)\ < ai on 9iH^(pi), where 

ai = a, and |Ricci(pi)|'‘d/rgi < ai. 

Repeating the procedure, but scaling by (-^w)^, at the end, with N = 
leads to our second metric 52 , and g 2 satisfies (for a new larger i) 

\g2 - /*(^*)Ic'“(('2B^2,2n(pi).32) ^ “ 2 , |/*(5'2) - - “2 

and \di{f{x),f{y)) - dg^{x,y)\ < 02 on 3^B^j^{pi), where 02 = (T^, and 
Im |Ricci(p 2 )|'‘dAis 2 < a 2 - 

And so on. Choosing ai to be an arbitrary sequence with ai » a^ and (t^ —^ 0 as 
5 —>■ 00 completes the proof. 

□ 

For convenience we introduce some notation which will help us describe the phe¬ 
nomenon of metric annulli being C^-close, as described in the theorem above. This 
phenomenon occurs at a number of points in the rest of the paper. 
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Definition 7.5. Let {X,dx), {Y.dy) be complete, connected metric spaces. We 
assume also that these spaces have a given Riemannian structure with at most 
hnitely many (possible) singularities in the following sense: N := X\{a;i,... 
and V := Y\{yi,... ,yL} are smooth manifolds, and I is a Riemannian metric on 
N and v on V. For 0 < r < R < oo, E C X an open set{E = X is allowed), and 
Xo G {1, ■ ■ ■ ,xl}, yo G {yi,.. ■ ,?/l} we say that 

(7.18) dc^{En‘^^Br^n{xo),^^Br,Riyo))<£ 

(we always assume e << min(r, R — r)) if 

(i) E n '^^Br,R{xo) C N and ‘^^Br,R{yo) C V, and 

(ii) there exists a map f : E H Br^R^xo) —>■ V, such that / is a 
diffeomorphism onto its image, Br+e,R-e{yo) C f{E fl Br^R{xo)) 

(hi) \dx(w,xo) — dyitiw), yo)\ < s for all w G i? B^ Rixn)'- in particular 
'^'^B,+,^m-e{yo) C /(£;n^^R«,^(a:o)) C for all 0 < r < 

s < m < R with s Y e < m — e. 

(iv) \f*iY)-Ac>^(En'^x ■= Si=oSuPxGEn‘^vB„,„(,.o) I'^^(/*(^)-OI?(a^) < 

eand k -^ 

Remark 7.6. Note that in the Approximation Theorem above. Theorem 17.41 the / 
that occurs there is also a Gromov-Hausdorff approximation when considered as a 
map on the balls being considered (and E = M). Here we only require condition 

(iii), which is weaker. 

Remark 7.7. The definition of close is coordinate free. This allows us to compare 
elements of sequences of Annuli in a coordinate invariant way. 

Remark 7.8. From the definition we see, that if {X, dx), (F, dy), are metric spaces 
of the type occurring in the theorem then d^^k Br niyo)) <£ implies 

dckABr+4e,R-4eiyo),‘^^Br+4.e,R-4.s{xo)) < £ (almost Symmetry) 

8 . OrBIFOLD structure of THE LIMIT SPACE 

The flatness estimate (EH) of the previous section, along with the non-collapsing 
and non-expanding estimates (which survive into the limit, as explained in (iii) at 
the beginning of Section [7]) guarantee that X is actually a so called generalised 
Riemannian orbifold with only finitely many isolated orhifold points : points q G X 
for which there exists a neighbourhood q G U Q X and a smooth diffeomorphism 
(fi : U ^ are called manifold points, all other points in X are called orbifold 
points. These objects have been studied in |Tian] . [Andlj . |BKN) . In the papers 
[HMl IHM2] , the authors also used generalised Riemannian orbifolds (they refer to 
them as multifolds: see section 3 of |HM2j l to prove an orbifold compactness result 
for solitons. They were introduced and used in the static (for example the Einstein) 
setting by M. Anderson |An (see also [BKNj l. to describe non-collapsing limits 
of Einstein manifolds. The estimates required to show that A" is a generalised (7° 
Riemannian orbifold are contained in the previous section. Generalised Riemann¬ 
ian orbifolds can have a number of components at each orbifold type point. In 
our case we will see that there is exactly one component at each singular point. 
Before showing this, we state the general result which follows from the argument 
for example in |Tian) (see also [An an, [BKNl). 
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We use the following notation in the statement of the theorem and in the rest of 
the paper: Dr,R C is the standard open annulus of inner radius r > 0 and outer 
radius R < oo, {r < R) centred at 0: Dr,R = {a: G R'* | \x\ > r, \x\ < R}. Dr 
represents the open disc of radius r centred at 0: Dr := {x G R"* | |x| < r}. Note 
= {x G I |x| > 0, |x| <R} = Dr\{0}. 

Theorem 8.1. X is a generalised Riemannian orbifold in the following sense. 

(i) X\{xi,... ,xl} is a manifold, with the structure explained above in Lem- 
mata, and [M 

(ii) There exists an ro > 0 small, and an N < oo such that the following is true. 

Let Xi € X be one of the singular points. Then the number of connected 
components of Br{xi)\{xi} in X\{xi,... ,xl} is fi¬ 

nite and bounded by N (that is Ni < N) for r < rg, where N = N{ao, cri) < 
oo. 

(hi) Fix i G L},j G {1,2,..., Ni}, and let E = Eij(ro) be one of the 

components from (ii). Then there exists a 0 < f < rg and a dijfeomorphism 
k : Dg^f —>■ k{DQ^f) C E where E is the universal covering space of E n 
(\J^liEij(f(l + e)), such that the covering map ttr : E ^ E is finite and 
for r < r we have 

( 8 . 1 ) sup {{tte o k)*l - i5|co(Oor) < £i(^) 

Do,r 

where ei(r) > 0 is a decreasing function with limr\,oei(r) = 0, <5 is the 
standard euclidean metric on or subsets thereof, \ ■ \ c°iL) is the standard 
euclidean norm on two tensors, := sup^.^^;, |uij(x)p for any 

set L C R'^ and any two tensor v = Vijdx'^dxT 


Proof, (i) was shown above, (ii) follows from the non-expanding and non-collapsing 
estimates, exactly as in the proof of Lemma 3.4 in [Tianj . 

(iii) Follows as in the proof of Lemma 3.6 in [Tianj using the flatness estimates, 
(EH), and the non-collapsing and non-expanding estimates. □ 

Remark 8.2. Some of the proofs of the Lemmata mentioned here (Lemma 3.6 and 
Lemma 3.4 of [Tianj 1 can be simplified at certain points, by using that inj(Br(p)) > 
Cgr for all balls Br{p) which are compactly contained in {D,h) where {D,h) is 
any smooth, open flat (Riem(h) = 0) non-collapsed, non-inflated (on all scales) 
manifold without boundary: this follows from the injectivity radius estimate of 
Cheeger-Gromov-Taylor, Theorem 4.3 in [CGTj . whose proof is local. 

The construction of this k in [Tianj (see Lemma 3.6 in [Tianj ) is achieved by pasting 

together maps (pi : D i j, —>■ Tr~^(B i-e i+e) where i G N. That is ipi,ip 2 , ■ ■ ■ are 
2^ + ^ ’ 2^ 2^+^ ’ 2* 

first constructed, and then pi is pasted to ip 2 and ip 2 to pz and so on. This leads to 
a map k with the properties given in the theorem above: see the proof of Lemma 
3.6 in [Tianj . We construct a ip here using the method described in the proof of 
Lemma 3.6 in [Tianj with some minor modifications: the explicit construction will 
be used in later sections. 
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As shown in the proof of Lemma 3.6 of [Tianj : if we scale, h = di = 2®+^c?jc, 

then 

dc‘^((sWBi/ 2 , 4 ( 0 ), 5 (i)),(‘^'Bi/ 2 , 4 (a;i) n A,;,)) < £{i) -j> 0 as i -)■ oo, 

where Bi/4^4{0), g{i)) C {{W^\{0})/r{i), g{i)), and g{i) is the standard metric 
on (R4\{0})/r(*), and r(*) is some finite subgroup of 0(4) with finitely many 
elements (less than or equal to N elements, N independent of i). Hence there 
exists a diffeomorphism 

(8.2) V, : (®«Bi/2.4(0),g(z)) ^ (''^Bi/ 2 -e(i), 4 +e«(0) n A, 1,) C {E,k), 
such that 

In the following, e(i) > 0 will refer to positive numbers with the property that 
e{i) —^ 0 as J —>■ oo. As the notation suggests, in fact this r(j) (and hence g{i)) 
could depend on the sequence we take, and could depend on z G N. However, 
inj((R^\{ 0 })/r(i),g(i))(x) > |x|io for some fixed Zq > 0 , where |a;| = |i|R 4 is the 
euclidean norm of the point x lifted to a: G (any such x has the same euclidean 
distance from the origin, regardless of which x, covering x, we choose) [Explanation 
1: this follows in view of the construction: for any ball ‘^'Br{x) C ‘^‘Hi_ 4 (xi) fl E 
we have > vol('^*i?r(x)) > r'^cro: and the norm of the curvature tensor on 

'^*i?i^ 4 (xi) goes to zero as z —>■ oo. Hence inj('^*Bi/ioo(0))li)(x) > io for any x G 
3 (xi), for some zq > 0 , if z is large enough, in view of the injectivity radius 
estimate of Cheeger-Gromov-Taylor contained in Theorem 4.3 in [CGT]). Hence, 
using dck{{^‘'^^Bi/ 2 A^),g{i)),{,’^'Bi/ 2 , 4 {xi) n E,k)) < e{i), we see that we have 
inj(s(bBi/ioo(x),g(i))(x) > io/2 for some zq > 0 for any x G (^WHs 2 ( 0 ), g(z)), if z 
is large enough. ] 

LetTTi : IR^\{0} —>■ (M"^\{0})/r(z) be the standard projection, andxG (IR'*\{0})/r(z), 
( 7 ri)“^(x) = {xi,..., xn}- TTi is a covering map and a local isometry, and using the 
fact that inj(R4\{0}/r(i),g(i))(x) > |x|io, we see that ds^i{xk,xi) > (zo|x |)/20 > 0 
in for Xk,xi G (tt^ ) “ ^ (x), k ^ 1. 

Let : Di i E he the natural map V'* = ° 4 where 

Uj : (®^*^ 5 i/ 2 , 4 ( 0 ), 5 (*)) ('^'^i/ 2 -e(i). 4 +e(i)( 0 )nA,l*) C {E,k) is the map defioned 

in ([ 8 . 21 ) above, and tt^ : R"^\{ 0 } —>■ (M^\{ 0 })/r(z), the standard projection, is as 

above. Define g}i{x) = '0i(2*+^x) for x G D 1 t,: this is the unsealed version of 

ij^i- Later we will paste the ifi^s together. To do this, it is conveniant to work at the 

scaled level. We will require that neighbours ipi and ^Pi+i are close to one another 

for all z G N, in a (7^ sense (to be described) on their common domain of definition, 

at least at the scaled level. To show this, we have to compare neighbours ipi and 

ifi+i, for all z G A^, on their common domain of definition D 1 1 . We do this 

2 ^ + 2 ’ 2 ^ + 1 

at the scaled level: : D 14 —>■ E is as defined above, ipi{x) = ipi{-^:^x), and we 

define rji+i : ^ E hy r]i+i{x) = ipi+i{i^) = ' 0 i+i( 2 x) 

Notice that in defining the z/'iSj we have the freedom to change the coverings tt^ by 
a deck transformation, that is by an element A G 0(4). Also, in view of the defini¬ 
tions, and the notion of convergence introduced in Definition 17.51 we have {'4’i)*ih) 
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is close to 6 on and {r]i+i)*{li) is close to <5 on £>i/ 2 +e(j). 2 -e(i), 

in view of the fact that (rn+i)*{li){x) = (ipi+i)*{li+i){ 2 x) 


Step 1. For all i > N € N the following is true: By changing the map tt^+i 
by an element A G 0(4), if necessary, we can assume that the pair ipi and 77^+1 
are, for sufficiently large i S N, O^ close to one another on their common do¬ 
main of definition, in a sense which we now describe: take any arbitrary ball 
^Bs{y) C Di+s/ 2 , 2 -s /2 with some fixed s>Os<|^,s<^ where y G Di+s^ 2 -s, 
is in the common domain of definition of ipi and rji+i-, where ^ > 0 is some 
fixed small number. Then di{ipi{x),rii+i{x)) < e{i) for all x G Dij^s/2,2-s/2 
and, ipi{Bs{y))li'n^+l{Bs{y)) C ^-B 2 s{y), \d o ipi - 9 o 

where 9 : ‘^'B 2 s{y) ^Bs{0) C are geodesic coordinates on{M,li) centred 

at the point y = r]i+i{y) (note these coordinates exist, in view of the fact that 
dckI^4{xi) n E,li), ( 9 WBi 4 ( 0 ), 5 (f))) < e{i)). 

Proof of Step 1. 

Assume this is not the case. Then we find a sequence for which this is not true. 
Taking a subsequence (we denote the subsequence of the pairs ipi,r]i+i also by 
ipi,r]i+i), we see that (®(*)i?i^ 2 ( 0 ),g(i)), and (®(*+^)Bi, 2 ( 0 ),g(i-b 1)) converge to 
the same limit space, (i?i^ 2 ( 0 ),g) C (R^\{0},(5)/r (in the sense of convergence 
described above in Definition [AS]), where T is a finite subgroup of 0(4) with finitely 
many (bounded by N) elements : the argument in the beginning of the proof of 
Lemma 3.6 in [Tianj . for example, gives us this fact. 

Let us denote by Z, : 2 ( 0 ), 5(f)) -)> (Bi_e(i), 2 + 6 (i)(0), 5 ) 

and Zi+i : (9(*+i)i?i,2(0),g(7 + l))^(i?i_,( i), 2 +E(i)( 0 )) 5 ) the natural maps which 
are diffeomorphisms and almost O^ local isometries onto their images: these must 
exist in view of this convergence. 

Let us denote by Ri : {E (1‘^'Bi^ 2 {xi),li) —>■ (i?i_e(i), 2 +e(i)(0); 5 ) the natural 
map, which is also a diffeomorphism onto its image and almost an local isome¬ 
try, that arises in this way: Ri = Zi o {vi)~^ (if e(i) changes in the proof, but 
the new constant e(i) —>■ 0 as * —>■ 00 , then we denote e(i) by e{i) again). Then 
Ri o Ipi converges (after taking a subsequence) to a map n : Di ^2 —>■ {Bi.2{0),g) P= 
((]R"^\{ 0 }, (5))/r which is a covering map, with (•^)*g = <5 and Ri o 77^+1 con¬ 
verges (after taking a subsequence) to a map ff : D 12 —(i?i_ 2 ( 0 ), 5 ) which is 
a covering map with 7r*g = 6, and the convergence is in the usual sense of 
convergence of maps between fixed smooth Riemannian manifolds [Explanation: 
Ri oipi,R, orji+i : Di+e(i)^ 2 -E(i) (^i- 2 e(i), 2 -H 2 e(j) (0), g), have {Ri oipi)*g and 

{Ri o riij^i)*{g) are e{i) close in the norm to 5, and hence, taking a subse¬ 
quence, we obtain maps if,if : Di ^2 —>■ (- 81 , 2 ( 0 ),g) with TT*{g) = TT*{g) = S. We 
work now with if: the same argument works for if. For any x G D 12 we can 
find a small neighbourhood U CC D 12 with x G U such that 7r{U) C 3Bs{p) 
where ^Bs{p) C {SBi, 2 { 0 ),g) is a geodesic ball and there exist geodesic coordi¬ 
nates jd : ^Bs{p) —>■ ^Bs{0) {s small enough). Then /3 o ^ :[/—>■ is well 
defined, and has det(D(,5 o if)) = 1 and hence if : £> 1,2 —>■ ^£ 1 , 2 ( 0 ) is a local 
diffeomorphism. The map is, per construction, surjective (here the definition of 
the convergence of annuli from Definition 17.51 is used). It is also proper, since by 
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construction, Dr,s C Di ,2 is mapped onto (i?r-.s( 0 ), g) C (i 3 i^ 2 ( 0 ), (;( 0 )) (here the 
definition of the convergence of annuli from Definition 17.51 is used). Hence, tt is a 
covering map (see, for example, Proposition 2.19 in [Lee] 1. End of the Explanation]. 
Hence the two maps differ only by a deck transformation, which is an element A 
in 0(4): tt = tt o A. Before taking a limit, we can change rji^i by this element, 
f}i+i := ryi+i oA. Remembering the definitions of rji+i and , we see that we have 
T)i+i{x) = ( 77^+1 oA)(a:) = iii+i{A{2x)) = (i/fi+i o A)( 2 a;) = ((u^+i) o (tt^+i) o A)( 2 ai). 
That is we change the covering map T^i+i to the covering map TTi-i-i = iTi+i o A, 
and then define 77^+1 := (rii+i) o 7 ri_|_i( 2 a;): we have this freedom in the choice of 
our TTi+i’s. Now both Ri o i/jj and Ri o f]i+i = Ri o 77^+1 o A converge to tt in the 
sense explained above. In particular, returning to Bi, 2 {xi),li) with {Ri)~^ and 
writing things in geodesic coordinates, we see that %+i is arbitrarily close to 'ipi, 
which leads to a contradiction. Here we used the following fact. In geodesic coor¬ 
dinates /3 : Bs{p) C (Hi_|_£(i)_ 2 -e(i)( 0 )i 5 ) Bs{0) C the metric is 6. Hence for 

geodesic coordinates 7 : '^'Bs/ 2 {z) C 2 ( 2 : 1 ) —>■ Bs/ 2 iO) C with Ri{z) = p, 
we see P o R^o 7 “^ : Hs/ 2 ( 0 ) —>■ is close to an element in 0(4), in view of, 
for example. Corollary 4.12 in [HaCom^ . End of the Explanation]. We assume in 
the following, that we have made the necessary modifications to the p\s (note, that 
in changing tt^ by a deck transformation, we are also changing the and hence 
the V'i’s)) so that the above closeness of neighbours 1 /:^, 77^+1 for alH G N large 
enough is guaranteed. These modifications are made inductively: for f G N suffi¬ 
ciently large, first change TTi+i by a deck transformation if necessary, then 7 ri _|_2 by 
a deck transformation if necessary, then TTi+a by a deck transformation if necessary, 
and so on. 

End of Step 1. 

Now, Step 2, we explain how to join cpi and ipi+i, assuming we have made the 
necessary modifications to the 93 's, as explained in Step 1. The resulting map, at 
the unsealed level will be (p. 

For large i G N, we know that {v~^ o "(pi) ■ —>• {Bi^4{0), g{i)) and 

{v~^ o 77 j_|_i) : Di/ 2 +e{i), 2 -e(i) i^i, 4 { 0 ), g{i)) are well defined smooth maps which 
are close to one another on the common domain of definition 2 -e(i) ^nd 

close to TTi : Di+£(,)_ 2 _e(i) ^ (Hy 2 ( 0 ), 5 ( 7 )) on Di+e(i)_ 2 -£(*) in the sense just 
described. Lifting these maps to IIo, 4 ( 0 ) C R'* with respect to the covering : 
-Do, 4 ( 0 ) (- 80 , 4 ( 0 ), 77 ( 7 )), we see that we obtain maps ipi : 4 _e(i) —>■ £> 17 ( 0 ) 

and 77 i_|_i : -Di/ 2 +e(i), 2 -e(i) - 81 , 2 ( 0 ) (these maps are lifts with respect to iTi, that 

is TTi o Ppi = o Tpi), TTi o fji+i = {v~^ o 77 i+i), and these lifts exist, since the 
domain of the maps we are lifting are simply connected: see Corollary 11.19 in 
[Lee2] l which are close to the same element in 0(4) on Di_|_e(i), 2 -£(i)j which is 
without loss of generality the identity (transform the lifts ipi^pi+i by the inverse of 
this element in the target space: the resulting maps are still lifts). Also Tpi^S) and 
7?*_|_i(^) are close to <5, on their domains of definition, and hence ipi is close 
to an element in 0(4) on Di_|_e(i), 4 _£(i) and 77^+1 is close to an element in 0(4) 
on Oi 72 +e(i), 2 -£(i)j and using the information in the previous line, this element is 
the identity in each case. 
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Defining 

: -Di/2+e(i),4-£(i) —>■ ^’-Bi/2_4(ail), 

(8.3) := ViOTTiO {ij'ijji + (1 - 77 ) 7 ) 1 + 1 ) 

where 77 : K.^ —)> ffi.)}" is a smooth cutoff function, with 0 < rj < 1,77 = 0 on 
Do,2-2S, 77 = 1 on D2-s,oo, (**) we obtain a smooth map, which is equal to 
77i+i on Di/ 2+£P)_2-25 and equal to t/'j on D2-S,4-5(1), and for which (uj)"^ o ip^ : 
Di/2+2e{i),4-2e{i) ^^*^.^1/24(0) is close to 71+ The map ipi satisfies 

(8.4) (1 -£( 7 ))|a:| < d^{(p^{x),xi) < (1 +e(z))|a;| 

on Di^2+e(i),4-5(i), by construction. We can now define ip : —>■ X\{a:i}. For 

X G and f G N large, we define (p{x) := ((^i)(2*+^x). This map is smooth 

and well defined: fix 7 G N, and let x G Then ip{x) = (,5i(2*+^x) = 

77i+i(2*+22;) = ip^+lix), andifx G [^, then (p(x) = ipi{ 2 ^+'^x) = ■0i(2*+2x) = 

iPi{x). This finishes Step 2. 

We examine, in the following, various properties of tp. 

By construction, (p : Do,£ —>■ X satisfies: \dxiipix),xi) — |x|| < e(|x|)|x|, where 
£(|x|) —>■ 0 as |x| —>■ 0: this follows from (18.41) and the definition of p. We con¬ 
sider V := ip~^{(p{Do^g)) and V := (p{Do^s). We claim that ip\y : F —>■ F is a 
covering map if e > 0 is small enough. Note: we do not claim that F or F have 
smooth boundary. We first note, that the cardinality of {ip\y)~^{x) for x G F is 
bounded if £ is small enough. Assume there are points zi,... ,zk, Zs ^ Zj for all 
s ^ j G {1,... K}, with ip{zi) = ip{z 2 ) = ... P^zk) = rn. We can always find an 
7 G N with zi G a-nd hence (1 — £(7))|zi| < dx{m,xi) < (1 + £(7))|zi| 

implies (1 — £(7)i^ < dx{m,Xi) < (1 -I- £(7))b^ and hence ^ 2 ^+ 1 ^^ — 

\zj\ < ^^ 2 -^^^ (i-e(b) ^ ~ Hence, after scaling by 2*+^, we have 

zi,... ,zk G [2— 11i5, 4— 19i5] with <pi{zi) = <pi{z 2 ) = ... ipi{zK)- At the scaled level, 
we know that, (u*)”^ oipi : Di/ 2 + 2 £(i). 4 - 2 £p) (Hi/ 2 , 4 > 5i(0)) is close to tt*, the 

standard projection, and the pull back of g{i) with this map is close to 5 on 
-Di/ 2 + 2 £(i). 4 - 2 £p)- In fact (vi)~'^o(pi =^^,oh^ where hi : Di/ 2 +£(i). 4 -£p) is 

close to the identity. In particular, {vi)~^ o(pi{Bs/ 2 {z)) C Bs{{vi)~^ o(pi{z)) for any 
2 : G [2—115,4—195] for 0 < s < fixed and small. Let ip : ^^'^'*Bs{zj) —>■ ^^(O) C 
be geodesic coordinates in {Bi/ 2 ^ 4 , gi{0)), where Zj = {vi)~^ o (pi(zj). The map 
Ip o {vi)~^ o (fi : Bg/ 2 {zj) —>■ R^ is close to an isometry B{i,j) = A(7, j) -|- r^^of 
R"^, where A{i,j) G 0(4) and n. is T£^(x) = x — Zj, and hence after a rotation in 
the geodesic coordinates and a translation, close to the identity. In particular, 
this map is a diffeomorphism when restricted to Bs/ 2 izj), and hence Zi ^ Bs/ 2 {zj) 
for all j ^ 7. Hence, vo1(Di/2,4) > J2f=i '^ol(Bs/ 2 izj)) > Ku} 4 {s/ 2 )* which leads to 
a contradiction if K is too large. 

If we scale the map p : Or 1-75 1-4^ 1 —A by 2*+^, that is let p : D12-14S 4-1651 ^ 

I- 2* + d ’ 2* L 7 J 

be defined by p{x) = pi^rr^), then we obtain the map pp p = :^i|[2-i45,4-i65]- The 
argument above, shows that (ui)“^ o Pilsg/^iz) ■ Bs/2{z) —R"' is a diffeomorphism 
for all jzj G [2 — 105,4 — 185] if s « 6 ,s < r^, 7 sufficiently large. That is 
‘P\b^/2(z) = ‘fi\B,/2(z) ■ Bs/2{z) —X is a diffeomorphism for all \z\ G [2—105,4—185] 
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and hence ‘^|D(2_ioa 4-185) i® ^ local diffeomorphism, which tells us, scaling back, that 
ip : D, i-sa i-(9/^, —>■ X is a local diffeomorphism. 

That is, tf : I?o,e —>■ f'il is a local diffeomorphism, if e > 0 is small enough. 

Hence V := (p(Do,e) is open if e > 0 is small enough (this corresponds to i being 
sufficiently large), and ip \V \= p~^{V) —^ is a local diffeomorphism and an open 
map. V is connected, as it is the image under a continuous map of a connected 
region. In fact V is also connected: this will be shown below. 

p :V ^ V IS proper: Let {xk)k&i be a sequence va. K QV, where K is compact in 
V. This means, there is a subsequence of Xi (also denoted Xi) such that Xi ^ x € 
K C V, X = p{m) for some m € Dq.e- Let Zi, Z 2 , ■ ■ ■, Zn S p~^{x) be the finitely 
many points in V with p{zj) = m. We can choose a small neighbourhood Uj of 
each one, such that Ui CC V and p\u. : Uj —)> p{Uj) is a diffeomorphism, and 
without loss of generality p{Uj) = U CC V for all j, and p{m) S U. Hence any 
sequence yk S with p{yk) = Xk has a convergent subsequence, yk —>■ Zi as 

A: —>■ 00 for some Zi G {zi,... zn}- Hence (}p\y)~"^{K) is sequentially compact in 
V. That is : y —>■ y is proper. That is, H —>■ F is a proper, surjective, local 
diffeomorphism. In particular lifts 7 : J —>■ y of curves 7 : / —>■ y, / = [a, 6] C R, 
always exist and are uniquely determined by their starting points 7(0) which is an 
arbitrary point in 75“^ (7(0)). 

y is also connected. Let x and y be points in V and x = p{x) £V,y = p{y) G V. 
X = p{x) G (^(Hq.e) implies x = p(xq) for an xq G Hq.e- Let xi be the point 
Xi = xo/d. Then xi G L^o,e/4 ^md p~^{{p(xi)) G L^o,e/3 if * i® sufficiently large, in 
view of the construction of p (see the above). 

Joining xq to xi with a ray a : I ^ Uq.e (w.r.t to the euclidean metric) which 
points into 0 and pushing this down to V again with p, we obtain a continuous 
map a = poa: I with ct(0) = p(xq) = p{x) and ct(1) = p{xi). Taking 

the lift of this map, and using the starting point x, we obtain a continuous curve 
a : I ^ V with ct(0) = x and ct(1) G p~^{p{xi)) G Uq.e/s- We may perform the 
same procedure with y to get a continuous curve (3 : I ^ V with /3(0) = y and 
/3(I) G L>o.e/ 3 - We may join ,5(1) to ct(I) in Uo,e /3 C V with a curve T : I L>o.e/ 3 , 
as this space is connected. Hence, following the curve a from cr(0) = x to cr(l) in V 
and then from cr(l) to /3(1) with T and then from /3(1) to /3(0) by going backwards 
along the curve /3, we see that we have constructed a continuous curve in V from 
i to y as required. 

Hence V is also connected. 

That is, (/? : y —)> y is a proper, surjective, local diffeomorphism, between two path 
connected spaces, and hence p :V \s a, covering map (see Proposition 2.19 in 
[Lii]). 

In fact, y is simply connected if e > 0 is sufficiently small, and hence V is 
the universal covering space of V. We explain this now. Let i be sufficiently 
large, and we consider the map pi : Dij2+e(i),A-i^{i) ^ from above. Vi o pi : 

-Di/2+E(i),4-E(i) {Bi/ 2 , 4 , gii)) is close to 7r(z) as shown above. In particular, 

■ Bs{x) —>■ X is a diffeomorphism onto its image and pi{Bs/g,{x)) C Bs/4,{z) 
and i 3 s/ 4 (z) C pi[Bs{x)) for all x G JJ2,5/2(0) for all z with z = pi{x), for a fixed 
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s > 0, s independent of i, and {(pi)*{li) is C* close to 5, as shown above. Let 
P G -02,5/2(0) and let p = pi,P 2 , ■ ■ ■ ,Pn G 0’2-£p),(5/2)+e(i) be the distinct points 
with ipiipj) = (pi{p) for all j = 1,..., N. 9j := ° ‘P^ ■ Bs/siPj) Bs{p) is 

close to an element in 0(4), and has 9j{pj) = P- dj is close to an element in 
0(4) means 6»/(a;) = Aj-x+Pi^j{x) ioi allxG Bs/8(p/), where |/3ij |ci(B„/g(pj)) < £(*) 
and Aj G 0(4), and hence Aj{pj) = p+Pij{pj) where |Ai(Pi)l < ^(*)- In particular, 

dr{6j{{l - r)pj)) = -D0j{(l - r)pj) ■ pj 

= -^3 ■ Pj - -D/3*j((l - r)pj) ■ pj 
( 8 . 5 ) =-p + Vj{r) 

where |f/(r)| < e{i). That is, using dj{pj) = p G 02 , 5 / 2 ( 0 ), we see that Oj{{l — 
r)pj) G 02_s, 5 / 2 ( 0 ) for all r G [0, s/100]. 

That is (1-rjp/ G (6'j)“H02-s,5/2(0)) C ((/i)-i((pj(02_s,5/2)) for all r G [0, s/100]: 

^3ii^-'<^o)Pj)-p = 0j{{l-ro)pj)-ej{pj) = dr{ej{{l-r)pj))dr = -rop + roh/, 
with jh/j < e{i) implies 

dj{{l - ro)pj) = (1 - ro)p + roVj and hence 16»j((l - r)pj)\ = ](! - ro)p + roVj\ < 
(5/2)(l — ro) + e{i)ro < (5/2) (respectively > (1 — ro)2 — roe{i) > 2 — s) 

As p € £*2,5/2 was arbitrary, we see (1 — r)q G {pi)~"^{pi{D 2 -s,b/ 2 )) for all r G 
[0, s/100] for all q G {{ 02 ^ 5 / 2 )) for large enough i. Furthermore (1 — 

s/100)(7 G 02 _s,(5/2)_(s/2oo) ^ 02_s,5/2 for large enough i. We assume that this 
i corresponds to £: that is £ = (|) • (j^)- Then, we have just shown that 
(1 — r)q G (p~^{ip{Do^s)) for all r G [0, s/100], for all q G ip“^((/?(Oo,e)), and we 
also know that (1 — s/100)(7 G Oo,£ C V := (p~^{(p{Do^e))- That is, there exists a 
smooth map c : [0, s/100] x V ^ V, c(r, x) = (1 — r)xp(x) + (1 — r](x))x, where p is 
a rotationally symmetric cut off function on £*o,e with, 0<?7<1, ?7 = lon 0 ^/ 2 ,e 
and ry = 0 on £*o,e/4> such that c(0, •) = Id and (c(s/100, •))(1G) C Ho,e, und Hq.e 
is a simply connected space. Hence V is itself simply connected. 

Notice also, that E n Br{xi) is contained in V for r small enough (***). We 
explain this now. There is some x G E n Br{xi) with x G H by construction. 
Let 7 : [0,1] —>■ ^i3r(xi)\{xi} be a smooth path of finite length in ^Hr(xi)\{xi} 
with 7 ( 0 ) = X G £1 n H n Br{xi), and l7'(-)|i < C- Let s be a value for which 

7 (t) G E nV for alH < s and 7 (s) G E H {VY- Lifting 7 : [0, s) —>■ X with p, we 

get a curve 7 : [0, s) —>■ £*o,|r r << £. Clearly, p{t) -G d G £*o, 2 r as t Z's. 

Hence p{t) = (p(j(t)) -G ip{d) G V. On the other hand, p{t) -G j{s) as t —>■ s. Hence 

7 (s) = (p{d) G V, per definition of V, which is a contradiction. Hence 7 is also a 
curve in V, that is E (1 Br{xi) is contained in V. 

Also, V C £1 if £ > 0 is small enough in the definition of H := ip(£*o,e) [Explanation. 
As we noted above, V is connected. Furthermore, H 0 £1 0 by definition of V, 

and £1 is a connected component of Hro(xi)\{xi}, and, without loss of generality, 
£ << ro- This means that we have: V is connected, V C Hro(xi)\{xi}, and A is a 
connected component of i?ro(xi)\{xi}, and V(lE Y 0- Hence V is contained in E], 

We will see that for rg small enough in the above theorem, that in fact 

Br{xi)\{xi} C X has exactly one component for all r < rg. This will follow 
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by considering the manifolds {M, gi,pi), which approximate a blow up (X,di := 
^/cidxTXi) in the sense explained above in the Approximation Theorem, Theorem 

m 

The approximations and the blow ups of X itself will converge to a metric cone 
of the form IR.^\{0}/r for some T, where T is a finite subgroup of 0(4), and the 
number of elements in T is bounded by C(aQ,ai) < oo. That is, each blow up 
near a singular point consists of exactly one cone. This will show us that for each 
i, Bra{xi)\{xi} C X has exactly one component. These facts are collected in the 
following theorem 

Theorem 8.3. X is a Riemannian orbifold in the following sense. 

(i) A\{a;i,..., ccl} is a manifold, with the structure explained above in Lem- 
mata 1 6. i?l and 

(ii) There exists an xq > 0 small such that the following is true. Let Xi G X be 
one of the singular points. Then Br{xi)\{xi} is connected for all r < r^. 

(iii) There exists a 0 < f < r^ and a smooth map ip : Dq ^ —>■ A\{a;i,... ,xl} 
such that ip '.V ^ V is a covering map, V and V are connected sets, V is 
simply connected, and, for all r < f, we have 

(/i(S'^(0)) C £i(r)),r(i+£i(r))> and 

(8.6) sup\ip)*l - S\s < ei{r) 

Do,. 

where ei(r) < is a decreasing function with lim^-N^o £i(''’) = 0, and 
V := p{Dq r), V := p~^{V) C D^ f, and Sf{0) := {x S | |a;| = r}, and 
here 5 is the standard euclidean metric on or subsets thereof. 

Remark 8.4. Using the facts *** mentioned at the end of the construction of p, we 
see that Br{xi) C U U {xi} for all r < rg small enough, and hence V U {xi} is an 
open neighbourhood of x\ in A. 

Proof. Fix Xi G {xi,... ,xl} and assume that i?i.(,(xi)\{xi}, rg as above, contains 
more than one component: i?ro(xi)\{xi} = with Ei G) Ej =0 for all 

hj G Ji and N > 2. Let E,G denote two distinct components, 

E := El ^ E 2 ='. G. We use the following notation: for p S Ed Br„/ 4 ,{xi) and 
q G G d Brg/iixi), q, p will denote the unique points in M with f(q) = q, f(p) = p: 
these points are unique since p, q are not singular in X. 

Our proof is essentially a modified version of the Neck Lemma, Lemma 1.2 of 
|AnCh2| . of M. Anderson and J. Cheeger adapted to our situation. Note that 
we do not have Ricci bounded from below (as they do) for our approximating 
sequences, but we do know that they all satisfy |Rc|"‘(gi)dpg^ —0 as * —>■ 00. 
Hence we can use the volume estimates of P. Petersen G.-F. Wei, |PeWe] . in place 
of the Bishop-Gromov volume estimates. The estimates we require do not appear 
in [PeWe] . although they follow after making minor modifications to the proof of 
their estimates. We have included the estimates and a proof thereof in Appendix 

o 

Let {M,gi) and {X, df) be as in the Approximation Theorem, Theorem 17.41 Let E 
be as above, and let Zi G E d '^*i?i/4_ig(xi) satisfy di(xi,Zi) = 1 and Vi € A be 
a vector such that there is a length minimising geodesic 7i : [0,1] —>■ A on (A, df) 
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with 7i(0) = Zi, 7 i(l) = Xi, 7-(0) = Vi, and \y^{t)\i^ = 1 for all t S [0,1) ( 7 ' makes 
sense on E, since Xi ^ E for all i G {xi, ... ,xl}, and {X\{xi, ... ,XL},h) is a 
smooth Riemannian manifold). We define Zi := f~^(zi) G M, the corresponding 
point in M, and Vi := f*Vi, the corresponding vector in Tz^M, where {M,gi) are 
as in the Approximation Theorem. (TT) 

We remember, that inj(b) > io/1000 for all 6 G An ^'Bi/ 4 ^ 10 (xi) due to the 
injectivity radius estimate of Cheeger-Gromov-Taylor ( Theorem 4.3 in [CGTj l 
and the non-inflating/non-collapsing estimates. For any {Tz^M,gi{zi) = g{i)) is 
isometric (as a vector space) to (M^,(5). We will make this identification in the 
following, sometimes without further mention. 

Let Si C «S'f(0) denote the set of vectors w in ^^(O) C (IR^,d) = {Tz^M, g{zi)) 
(using the isometry above) which satisfy Z{vi,w) < a with respect to the euclidean 
metric, where a > 0 is a small but positive angle. We claim 

Claim 1; there exists a small e(a) > 0 such that any geodesic exp(gi)z. (• m) : 
[0,100] —>■ M does not go through if m G (0) n {SiY and 0 < e < e{a) 

is small enough, and i > N large enough. 

Proof of Claim 1. 

Let a > 0 be fixed. We assume we can find Wi G (S'i)° n 5'f(0) C = T^.M 
and Vi G (0,100] such that gi{zi){wi,Vi) > a, and exp{gi){riWi) G d{^'B^{pi)) but 
exp{gi){swi) G {^'B^{pi)Y for all 0 < s < for i arbitrarily large. We shall see, 
that this leads to a contradiction, if e < £( 0 ;) is chosen small enough. Let Wi be the 
push forward back to A, Wi := f*{wi). 

For any <5 > 0, we know that E fl ‘^^Bsp/s{xi) converges, after taking a subse¬ 
quence if necessary, to YBs i/s{0),g) C ]R"‘\{0})/r in the sense of convergence 
given in Definition 1 7. 51 in view of Lemma 3.6 of [Tian] : there exist diffeomorphisms 
Ei : ‘^'Bs i/s{xi)r\E —>• (]R'*\{ 0 })/r for i large enough, such that {Fi)Ji —?> g in the 
sense, where g is the Riemannian metric on (]R^\{0})/r and \di{E~^{[x]),xi) — 
|a;|| < e{i) —?> 0 as f —>■ 00 for all [a;] G B 2 s,J-{ 0 )/^, where |a:| = (i([a;], [0]) here 
refers to the standard norm in of x, and [x] = {ri(a;) | F^ G F}. In particu¬ 
lar, the curves Fi o f o exp(-f)i) : [0,1 — 3d] —>■ (R‘^\{0})/r and Fi o f o exp{-Wi) : 
[0,r,] ^ (KA{0})/F, are well defined and converge smoothly to geodesic curves 
7 : [0,1 — 3d] — >■ (R‘^\{0})/F respectively 7 : [0,r] — >• (R'^\{0})/r, r < 100, with 
7 ( 0 ) = 7 ( 0 ) = z with d{z, [0]) = 1, and g( 7 '( 0 ), ^(0)) > a and 7(1 —3d) G ^^ 0 , 35 ( 0 ) 
and 7 (r) G ®i?o, 3 e( 0 )- Here, we can choose d > 0 arbitrarily small. By considering 
the lift of the curve 7 to to M^\{ 0 } (which must be a straight line in ]R^\{ 0 }), 
and using that d is arbitrarily small, we see that 7 : [0,1 — 3d] —?> (M^\{0})/F is 
arbitrarily close to the projection of a ray coming out of 0 (in R.'^) on [ 0,1 — cr] for 
(T > 0 as small as we like (choose d << a). Now lifting 7 to a curve in R'^\{0} 
(which is also a straight line in R^\{0}), and using the fact that g{Y{0), 7 ^( 0 )) > a 
(which is also true for the lift), we see that j{r) G (Ao_e(„) (0))'^ , for some e{a) > 0. 
This leads to a contradiction to the fact that j(r) G ®Ao, 3 e( 0 ) if e > 0 is chosen 
smaller than say 


This finishes the proof of Claim 1. 
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Claim 2: For all z G / ^{Er\‘^'Bi2{xi)) a.ndw G f 2(311)), any length 

minimising geodesic from z to w must go through (pi), where e{i) —?> 0 as 

i —>■ 00 . 

Proof of Claim 2. 

Assume we can find i arbitrarily large, and points Zi G f~^{E fl 2(3:1)) and 
Wi G /“^(G n2(3:1)) and a length minimising geodesic 7^ : [ 0 , Tj] —?> M (w.r.t. 
gi), parameterised by arclength, such that 7^(0) = Zi and ji{ri) = Wi, for which 7^ 
doesn’t go through ‘^'B^{pi) for some cr > 0 (*) . 

Note, the Approximation Theorem, Theorem 17.41 guarantees that 

Zi,Wi G 2(^1)) C 3 "Bio(pi)). Hence 7i([0,ri]) C 9*B4o(pi)), and hence, 

once again using the Approximation Theorem, /(7i([0, rj])) C ‘’*’B4i(3:i). 

Let 7i : [ 0 , rj] —>■ A be the curve % := / o 7^. The Approximation Theorem 
guarantees that 7i([0,ri]) C ‘^'B4i{xi) as we just noted (*). 

There must be a first value ro(z) G [ 0 , r;] with 7i(ro(*)) = xi: the curve is continuous 
and goes from E to G, and so there must be some point ro(i) with 7(ro(i)) G dE. 
7(ro(i)) must be equal to 0:1, since di(dE\{xi}, Xi) — >■ 00 as i —>■ 00 and 7 i([0, r^]) C 

‘’*’B 4 i(a:i). 

By assumption, ji(r) ^ ^^B^{pi) for all r G [ 0 ,ri]. But then, once again by the 
Approximation Theorem, /o7i([0,ri])n‘^‘Bo./2(xi) = 0, which contradicts the fact 
that /o7i(ro(z)) =3:1. 

End of the proof of Claim 2. 


Let Zi G E r\ (‘’*’Bi 2 ( 3 : 1 )), Zi, Si Vi Vi be as above (see (TT) above): Si C ^^(O) 
denotes the set of vectors w in ^^(O) C = T^.M which satisfy Z{vi,w) < a, 
where we have identified vectors T^- M and vectors in K"'’ using the isometry between 
(Tj^M, (?i( 0 )) and (K^,5) explained above. 

Let Wr ■■= {exp{gi) 2 ^{tw) \ t G [0,r],u) G 5*}, K := {exp( 5 i) 2 ,(su;) | s G [0,r],r(; G 
Si and exp{gi)zi{-w) : [0, s] —>■ M is a minimising geodesic }. Er is the set in Eu¬ 
clidean space which corresponds to BA: Er := {t/3 \ /3 G Si, Z{13, ei) < a,t < r} 


Claim 3 : Let Z := f ^(G fl‘^’Bi/2, 1 ( 3 : 1 )). Then Z C V3, if i is large enough. 


Proof of Claim 3. Let 7 (-) := exp{gi)zi{-mi) : [0,ri] —>■ M be a length min¬ 
imising geodesic from Zi to a point di G /“^(G fl‘^“Bi/ 2 . 1 ( 3 : 1 )) parameterised by 
arclength. Using the Approximation Theorem, Theorem 17.41 we must have di, Zi G 
®’Bi_|_e(j)(pi), since di{zi,xi) = 1 and hence we must have n = d{gi){di,Zi) < 5/2. 
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Assume rrii S (<S'i)°. Claim 1 tells us that the curve does not go through i?e(a)(pi) 
for some e{a) > 0 if z is large enough. But this contradicts Claim 2, if i is large 
enough. Hence rrii € Si and hence Z C V 3 in view of the definition of these two sets. 


End of the proof of Claim 3. 


Note for later, that Yo\{gi){Z) > 0 > 0 for z large enough, where this 9 is indepen¬ 
dent of a, z, and independent of which subsequence we take, in view of the fact that 
{Z,gi) converges to i/ 2 ( 0 )/r) in the sense of manifold convergence given in 
Definition 17.51 (this follows from the Approximation Theorem 17.41 and Lemma 3.6 
of [Tianj l. and we have bounds on the number of elements of T, and this gives as 
a non-collapsing estimate. 


The volume comparison of Peterson/Wei shows (see Appendix [C]) that 

(8^7) (^dhL)V. _ /■ iRci-j'/s 


voliEs)' 


Vo1(Ei/2)' 


where we have used that the volume of Si C (0) on the sphere S'! (0) with respect 
to the the metric on the sphere d6 is a^c where c is a universal constant. Multiplying 
everything by vol(E 3 )^/®(< (w 43 ‘*)^/®) we get 

(8.8) < |Rc|‘)‘/'. 

The quantities vol(£' 3 ) and vol(i?i/ 2 ) are fixed and positive and depend on a (they 
are uniformly bounded above by the volume of 53 ( 0 ) for every a). The quantity 
vo°(^/ 2 ) ^ fixed positive constant which don’t depend on a, so we may write 

c, = ( vo°(^y 2 ) where c, is independent of a and z. Using this in equation (18.81) 
we get 


(8.9) (V 0 IU 3 )'/® < c*(volUi/ 2 )i/« + |Rc|4)i/*. 


From Claim 3 above, we see that 

vol(U3) > vol(Z) > 9 

for some fixed 0 > 0 since on each component the metric approaches the euclidean 
metric divided out by a finite subgroup of 0(4). Recall that 1 flU converges to 
{^Bgi,g) C {0}1 /r in the sense of Definition l7.5l using a map E : ‘^'BgidE —>• 
^Bg 1 , and ^'Bg i{pi) is e{i) close to ‘^'Bg i in the sense of Definition l7.51 using 
the map /, in view of the Approximation Theorem, Theorem 17.41 Since Vr Q Wr, 
we have vol(Ui/ 2 ) < vonUi /2 < ca^ which goes to zero as cx —>■ 0 [Explanation. Let 
Fi o f{zi) =: Xi- Xi is at a distance 1 ± e(z) away from 0. We use the fact that 
/(bFi/ 2 ) C E in the following without further mention: this follows from the fact 
that /(IU 1 / 2 ) n {xi,... , xl} = 0 , which follows from the Approximation Theorem. 

Using the fact that {Fi o f)*{gi) g on 1 as z —>■ 00 , we see that 

{Fiof)^{S^) C S^, where Si := {v e Ta;,(]R^\{0}/r) | g{xi){ni,v) < a-|-e(z), jwjg S 
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(1 — e{i), 1 + e(*))} and Ui := {Fi o /)*('0i) = (Fi) * (vi) is a vector of length almost 
one. Hence, using a compactness argument, 

Fi o /(IH 1 / 2 ) C {exp{xi){rm) | r S [0,1/2 + S],m £ (^'‘/{Ol/r), 

Z{m,ni) < a + 5, \\m\g - 1| < £:(i)} 

for all (5 > 0, for i > /((5) S N large enough, and hence 

vollHi/2 

< (1 + (5(i)) vol ^{exp(a;i )(rm) I r£ [0,1/2 + 5(i)], m G T,,,(R^/jOj/r), 

\\m\g - 1| < eii),Z{m,n,) < a + 6{i)},g^ 

vo 1 ( 1 Hi/ 2 ) as i —>■ 00 

< vol(7r"i(lHi/2)), 

where lHi ,2 = {exp(rTO) | r G [0, l/2],m G Ta;(R"‘\{0}/r), Z(m, n) < a, |m|g = 1} 
and TT is the standard projection from IR.'^\{0} to (IR.^\{0})/r. That is 
vol(V// 2 ) < vo1(1Ti/ 2) < vol(7r“^(lTi/2)) + 5{i) < co? since geodesics in are 
straight lines, and 7r“^(lTi/2) is a cone of angle a and length 1/2 in R^\{0}. End 
of the Explanation]. 

Using these two facts in (|8.9I) . gives us 

(8.10) < (volUa)!/® < / \Rc\y/^. 

a®/® Jm 

This leads to a contradiction if a is chosen small enough and then i is chosen large 
enough, since (fj^ |Rc|^)^/^ goes to zero as * —>■ 00 . 

That is, there cannot be two distinct components F and G as described above. □ 

9. Extending the flow 

Since {X,dx) is a (7° Riemannian orbifold, it is possible to extend the flow past 
the singularity using the orbifold Ricci flow. We have 

Theorem 9.1. Let everything be as above. Then there exists a smooth orbifold, X, 
with finitely many orbifold points, vi,..., vl, and a smooth solution to the orbifold 
Ricci flow, (X,/i(t))tg(o_ 5 ) for some S > 0, such that {X,d{h(t))) —?> {X,dx) in the 
Gromov-Hausdorff sense as t\0. 

Proof. Fix Xi G {xi,... xl} C X, where {xi,.. .xl\ are defined in Theorem 16.51 
On B,;{xi) we have a potentially non-smooth orbifold structure given by the map 
ip: the non-smoothness may also be present without considering the Riemannian 
metric, as we now explain. As explained above, if we consider V := Lp~^{Lp{DQ^g)) 
and V := (/3(Zlo,e)) then ip\y : U —>• U is a covering map, V,V are connected, and 
V is simply connected, if e > 0 is small enough. 

Let a; G U be fixed, and Gi,...,GAr : V —>■ V the deck transformations, which 
are uniquely determined by Gi{x) = Xi, where xi,X 2 ,... ,xx G V are the distinct 
points with (p(xi) = (fixj) for all i,j G {1,... ,iV}. 

We can extend Gi,..., Gx to maps Gi,..., Gx ■ V 0 {0} —^ U U {0} by defining 
Gi(0) = 0 for all i G {1,... ,X}. Then the maps Gi : U U {0} —>■ U U {0} are 
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homeomorphisms, but not necessarily smooth at 0 . In this sense, the structure of 
the orbifold may not be smooth. Also, as we saw above, we can extend the metric 
to a continuous metric on y U { 0 } by defining gij{ 0 ) = 6 ij, but this extension is not 
necessarily smooth. In order to do Ricci flow of this orbifold, we will proceed 
as follows: Step 1. modify the metric g and the maps Gi,.. .Gl ■ V V inside 
Dq i to obtain a new metric g on V and new maps Gi, .. .Gl ■ V —>■ V which 

are isometries of V with respect to g, and such that these new objects can be 
smoothly extended to 0 . We do this in a way, so that the metric and maps are only 
slightly changed (see below for details). With the help of g and Gi,.. .Gl we will 
define a new smooth Riemannian orbifold: essentially this construction smooths 
out the G's near the cone tips (the points x\,. . .,xl S X) in such a way, that 
a group structure is preserved, and the rest of the orbifold is not changed. For 
i G N, * —>■ oo, we denote the smooth Riemannian orbifolds which we obtain in 
this way by (Xi,di). The construction will guarantee that {Xi,di) —>■ {X, d) in 
the Gromov-Hausdorff sense, actually in the Riemannian ( 7 ° sense: see below. In 
Step 2, we flow each of these spaces {Xi,di) by Ricci flow, and we will see, that 
the solution exists on a time interval [ 0 ,T) with T > 0 being independent of i, 
and that each of the solutions satisfies estimates, independent of i. In Step 3, 
we take an orbifold limit of a subsequence of the solutions constructed in Step 2 
to obtain a limiting smooth orbifold solution to Ricci flow {X,h{t))t^(^Q T) which 
satisfies {X, d{h{t))) —>■ (X, dx) as t \ 0 , in the Gromov-Hausdorff sense. 

Now for the details. 

Let Gl,..., Gtv : F —>■ F be the deck transformations oi (f -.V ^ V ,\ei g := ¥^*(0, 
and (p : V ^ V he (p{x) = ¥’(f), where V := cV. We use, in the following, the 
notation x = cx. Then is a covering map, with deck transformations iLi ,..., Hx ■ 
V ^ V, Hi{x) = cGi(|). We know that Gi,...,GAr : V ^ V are isometries 
with respect to g. Let I := c?l and g := {(p)*(l). Then gij(x) = gij{x), and 
Hi,..., Hx : V ^ V are local isometries w.r.t. g, and hence global isometries 
w.r.t. g: 

g{x){DH^{x){v),DH^{x){w)) = g{x){DGr{x){v),DGi{x){w)) = g{x){v,w). Scaling 
with c = 2 *+^ we see :^|[2-i45,4-i6<5] = ‘^i|[2-i45,4-i6<5] i as shown above. 

We go back to the construction of the map (pi. Remember that (pi : LIi/2-i-e(i)i5,4-e(q 
X\{xi} was defined by (pi := Vi o -Ki o {-qipi -b (I - r])rn+i) : Di/ 2 +e{i), 4 -e{i) 
'^*^1/2,4(3^1)) where g : ^ K.(}" is a smooth cutoff function, with 77 = I on 

D2-5,oo and ?7 = 0 on Dq 2-25 and gipi -I- (1 — 77)7)1+1 is G^ close to the identity 
on ZIi/2+e(i),4-e(i) (see (I 8 . 3 p l. As we pointed out during the construction of (fi, 
this means that (ui)“^ o ip^ : Di/2+E(i),4-£(i) —(^^*^^172,4(0),ff(*)) is G^ close to 
71 * : Di/ 2 +e{i), 4 -Eii) (®^*’ 5 i/ 2 +e(i), 4 -£(*)( 0 ),g(i)). We define 

a* : ^o, 4 -e(*)^^ ( 9 «Ro. 4 ( 0 ),ff(*)) 

( 9 . 1 ) ai := TTi o {gipi -b (I - g)Id) 

Then at is G^ close to tt^ : I 7 o. 4 -e(i) (®^*^^o. 4 -e(i)( 0 )) 5 (*))) and equal tt^ on 

Do, 2 - 2 S- Hence, using the same argument we used above to show that ip -.V ^ V 
was a covering map, and F is simply connected, we have Qfi : Z := (ai)“^(ai(Z?o+_e)) 
Z := ai(IIo+_E) is a covering map, if i is large enough (e > 0 fixed and small). 
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Z is simply connected, and Z, Z are connected. We also have Vi o ai = (pi on 
the set D 2 -s,a-s- In particular, ai has the same number of deck transformations 
as pi and hence as (p [Explanation: cti := Vi o ai : Z ^ Vi{Z) is a covering 
map. Choose w £ £* 5 / 2,3 and let w = wi,W 2 , ■ ■ ■ iWfj be the distinct points in 
Z with ai{wj) = ai{w) for all j = 1,..., N. Then wi,... ,Wfj € £* 2 , 7/2 and fur¬ 
thermore di(wj) = di{w) for all j = and hence pi{wj) = pi{w) for 

all j = Hence N < N. Similarly, by considering the distinct points 

w = wi,... ,WN £ -^> 5 / 2,3 such that pi(w) = pi{wj) for all j = 1,... ,iV, we see 
N > N.] 

The Riemannian metric h on X can be pulled back to (i3i/2+£(i),4-e(i)) 3(*)) with 
vf. hi := {vi)*{li). This metric hi is close to g{i). We interpolate between h{i) 
and g(i) on {Bi+s, 2 - 4 S, gii)) by 

Pii) := ^)h^ + {1- fj)g{i) 

where r) > 0 is a smooth cut-off function on (i?i, 4 , 3 ( 1 )) with ?) = 0 on i 3 o,i-i- 2 i 5 and 
fj = I on {Bi+As,oo,g{i))- Note that /3(i) = hi on £> 2 _y 4 -e- 

Let Hi,..., : Z —>■ Z he the deck transformations of the covering map ai : 

Z ^ Z. These maps are isometries w.r.t. k{i) := {ai)*{f3{i)) on Z. Scaling these 
maps leads to maps Hk '■ Z ^ Z, Hk (x) 2^Hk{x2^~^^) for k £ {!,..., iV}, 

Z := { 2 ^ I X £ Z}. These maps are isometries w.r.t. k(x) := k{i){x) := k{i){x) 
on Z (see the beginning of the proof). 

Note that k{x) := k{i){x) = k{i){x) = {aP)*{I3{i)){x) = {ai)*{hi){x) 

= {vi o ai)*{li){x) = {pi)*{li){x) = (p*{l){x) = g{x) on Z (1 D 2-6 4-e . Where we 
used the fact that Vi o ai is equal to pi on the set £* 2 _ 5 , 4 _e. Hence the Riemannian 
metric g, which is defined to be the metric k on Dq 1 and g on £* 1 00 C H, is 

’ 2^ + 1- 2* + l ’ 

smooth and well defined. It satisfies: g{x) = k{x) = k{x) = 6 for jxj < c{i) small 
enough. Furthermore, \g — ^|(; 70 (p) < cr where ct > 0, can be made as small as we 
like, by choosing £ > 0 (in the definition of V) small. 

Using the fact that Vi o ai is equal to pi on the set D 2 -s, 4 -i again, we see that 
Gi,... ,Gm are the same as i£i ,..., when all of these transformations are re¬ 
stricted to £* 2 - 5 + 4 e, 4 - 4 g (we assume e << 6). Let w G £* 2 - 5 + 4 e, 4 - 4 £ and w = 
wi,W 2 , . •., wn £ £* 2 -< 5 + 2 £, 4 - 2 £ be the distinct points with pi(wi) = ... = pi(wjv)- 
Let 0 < s << min(£, iq/IOO) be a fixed small number and i large enough. Then we 
have 


GklB^(w) = ((‘Pi)lB^(wi:)) ^o(Pi)B^(w) 

= OViO {P’i)B,(w) 

= {vi O pi\Bs(wi^)) ® {xi O ipi)Bg(w)) 

~ ^ {x^i)Bs{w)) 

= Hk\B,{w) 


This means the maps Hi can be extended smoothly to all of U U {0}, by defining 
Hi = Gi on V C\ (Z)‘^ and Hi{0) = 0 : call these new maps Gi. Note that these 
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maps are now smooth. Near 0, k{x) = S, and iJj(Do,s) C Do, 2 s, Hj : Z ^ Z are 
isometries, and hence DjIoq.s G 0(4) for s small enough. 

Note also, that for x £ Z, we always have Gj{x) = Hj{x) G Z, and for y £ Vn(Z)'^, 
we have Gj{y) £ V f) {Zy. To see that the last statement is true, assume that 
Gjiy) G Z holds for some y £ Vn(Z)'^. Then we must have y = {Gj)~^{Gj){y)) G Z 
in view of the fact that {Gj)~^{Z) C Z, and this is a contradiction to the fact 
that y £ V C\ {Zy. This shows also that the G's are diffeomorphisms, with 
{Cyiz = Hi and iGi)\i^z)'=nv = ^^lizynv ^ In particular, 

{Gi,... Gat} forms a subgroup of the family of diffeomorphisms on ^ U {0}. The 
metric g agrees with k on Z and agree with g on {Zy fl V Also, the Gi’s are 
isometries on {Z,k) = {Z,g), since Gi = Hi on Z, and the G^’s are isometries on 
{{Zyr\V,g) = {{Zyr\V,~g) since Gi = Gi on {Zy^V. Hence {Gi,...GAr} are 
global isometries on yu{0}, each with one fixed point, 0. The orbifold structure can 
now be defined as follows: let W := V U {0}. {W, Gi,..., Gw) determines one orb¬ 
ifold chart y :W ^ W /{Gi,..., Gl}, where y{x) := [cc] = {Gi{x) \ i = 1,..., N}. 
On X\y^B^/ioo{xi) U ‘*^5^/100( 0 : 2 ) U ... U B^/iooIxl)), we take a covering 
by the inverse of K manifold charts, for example, geodesic coordinates: (Oa) ■ 
’’HioiO) —>■ ^Big{ya) C {X\y^Bg/iQQQ{xi) U Bg/iQQQ{x2) U ... U Bg/iQQQ{xL))), 
a £ {1,..., AT} (for orbifold charts the maps always go from an open set in to 
an open set in the orbifold). These are fixed for this construction and don’t depend 
on i. Since we don’t change anything on X\y^B^/ 100o(2;i) U Bg/iQQQ{x2) U ... U 
B^/iqqq{xl)), these charts, along with g, define an Riemannian orbifold {X,g). 
To be a bit more specific: define X = X\y^Bg/iQQ{xi) U '^^i?£/ioo(ai 2 ) U ... U 
BgfiQQ^XL)) U W /{Gl,..., Gl} where we identify points z G X\(‘^^De/ioo(a:i) U 
^ 6 / 100 ( 2 : 2 ) U ... U ‘^^B^/ioo{xl)) with points [v] £ W^/{Gi,..., Gl] if z G (fi(V) 
and Yp~^{z)] = [n]. The topology is defined by saying Xi ^ x £ X and only if 
x,Xi £ lT/{Gi,..., Gl} for all z > N{x) £ N and xi —>■ a: in lT/{Gi,..., Gl} , or 
x,Xi £ X\yzcU Bg/j^oo{x 2 ) U .. .U‘^^D£/ioo(a;L)) for all i > Nix) £ N 
and Xi —>■ X in X\y^B^/ iq^xi) U Be/ 100 ( 2 : 2 ) U ... U‘^^Be/ioo(2;L))- The charts 
are given above. 

Call the resulting orbifold space (Xi,gi). 

This finishes the construction of the modified orbifolds and metrics. 

Step 2. 

Now we have a smooth orbifold and a smooth metric, so we may evolve it with the 
orbifold Ricci flow, to obtain a smooth solution (Xi, Zi(t))te(^o^Ti) to the orbifold 
Ricci flow: see Section 2 of |HaThreeO] and Section 5 |KLThree] . The new metric 
(/i(0) at time zero on D^r is e away from S, and smooth. In particular. 


(9.3) |5i(0) - gj(0)\co(Dii,gjm < 2e for all i,j £ N. 


if cr > 0 is small enough. One method to construct a solution to the orbifold Ricci 
flow is using the so called DeTurk trick (iniT]). We can use any valid smooth 
background metric h to do this: taking h = g/(0) for a fixed j G N, we have 
|gi(0) — h\co(Li^^h) < e on the whole of {Xi,gi{0)). Now we use the h-flow in place 
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of the Ricci-flow, that is locally the equation looks like, 

+ R.iem(h) * {g,) * ( 5 *)”^ * 

(9.4) +(5*)-' * * {Vg^) * (V 5 O, 

where here, V = ^V. Using the estimates contained in the proof of Theorem 5.2 
in |SimC0) . we see that the solution gi(t)tg[o,Ti) can be extended to gi(t)tg[o,s) for 
some fixed S = S{h) > 0 and that the solution satisfies 

\gi{t) — h\co(Xi,h) < 2e 

(9.5) |V giit)\lo^Xi,h) < for all 0 < f < S' 

for all A: < RT G N, as long as t < S, where c{K, h) doesn’t depend on i G N. We 
also have 

(9.6) \gi{t) - g^{Q)\c«{,x,h) < c{h, t) < 2e for all 0 < f < S 

where c{h,t) —?> 0 as t \ 0, and c{h,t) doesn’t depend on i G N, in view of the 

inequalities (5.5) and (5.6) in |SimC0) (the e > 0 appearing in (5.5) and (5.6) there 
is arbitrary: see the proof of Theorem 5.2 in |SimC0) l. In particular, 

(9.7) donUX^, d{g^{t))), (X,,d(gi(0)))) < c(t) 

with c(t) —>• 0 as f \ 0. Using the smooth time dependent orbifold vector fields 
V^(-,t) = —gi(-,t)^"^(r^^(gi)(-,t) — r^^(h)(-)) and the orbifold diffeomorphisms 
(fit : Xi Xi with = yT Po = Id we obtain a solution to the orbifold Ricci 
flow, Zi{t) := iplgi{t) which satisfies 

dGH{{X,,d{Z,{t))),{X,,d{Z,{0)))) < c{t) 

(9.8) |V^' Riem(Z,)|{.,t) < for all 0 < t < S, 

see for example [Shi] for details. This finishes Step 2. In Step 2 we obtained various 

estimates which are necessary for Step 3. 

Step 3. 


Using the Ricci flow orbifold compactness theorem, see IE3 and Section 5.3 in 
[KLThre^ . we can now take a limit in i —>■ 00 for t G (0,5') , and we obtain an 
orbifold solution (X, Z(t))t^^o^s) to the Ricci flow with 

danUX, dx), {X,dz(t))) < c(t) 

(9.9) |Vt Riem(Z)|(.,t) < for all 0 < t < 5 

where c{t) —>■ 0 as t \ 0. Here we used, that {Xi,d{Zi{0))) {X,dx) in the 
Gromov-Hausdorff sense, which follows by the construction of the spaces {Xi, d{Zi{0)) 
Hence we have a found a solution {X, Z{t))t^(^Q^s) to the orbifold Ricci flow, with 
initial value (X, (ijs:(0)) in the sense that 

dGH{{X,dx), (X,dz(t))) —>■ 0 as t \ 0. In this sense we have extended the flow 
(M, 5(t))(g(o,T) through the singular limit (X, dx). D 

Remark 9.2. Some of the estimates above can be obtained using Perelman’s first 
pseudolocality theorem and Shi’s estimates. However, the estimate on the Gromov- 
Hausdorff distance, which we require when showing that the initial value of the limit 
solution is {X,dx), does not immediately follow from the pseudolocality theorem. 
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We use the estimates given in [SimCO] to show that the initial value of the solution 
is {X,dx)- 


Appendix A. Cut off functions and Ye Li’s result 


Our new time dependent cut-of function ip will satisfy: 


(A.1) 


l^‘^ls(t) — _ r'y 

= e°*, 

‘f\dBr{y)y = Oj 


t 


for all t < S, for some fixed universal constants, S, c, wherever it is differentiable 
(and as long as the solution is defined). We explain here in more detail, how to 
construct this function, where here j < r' < r < ^. The function ip is constructed 
using a method of G. Perelman. As explained in the paper [SimSmoo] . Perelman’s 
work shows us that 

(A.2) - Xd,){x) > 


at points in space and time where this function is smoothly differentiable, for some 
Cl = ci(co) for all t < S'(co), if | Riem | < ^ on *i? 2 (p) H ((*S^(p))'^). In our 
situation cq = 1. Choose a standard cut-off function il) : [0, oo) —>■ K with i/;' < 0, 
V’l[o,r''] = 1, l/’[r,oo) = 0 and IV'T < (r-rV ^ “ ~ (r-rV ^ example 

Lemma 3.2 in [SimSmoo] . where now fco(A, B) = ko{B) = jpzpy). Now we define 
ip{x,t) = ip(dt{x)). Away from the cut locus we have 




(A.3) 


= -ip'{dtix))ii-^ - 
= -|V^'(d*(x))|((| 
< |i/>'(di(a:))|-% + 


A)dt{x)) - 'ip"{dt{x)) 

- A)dt{x)) - tp"{dt{x)) 

200 

(r - r')^ 




ci200 
\r — r'\\/t 


200 

(r — r')^ 


^ V’jx^t) c 

~ t (r - r')^ 


as required. This ip is continuous, Lipschitz in space and time, and smoothly 
differentiable in space and time on M x [0,T)\CUTp, where CUTp := {(a:,t) G 
M X [0,T) I a; G cut((ji(t))(p)}, where cnt(g{t)){p) = {a: G M | a: is a cut point of p 
w.r.t to g{t)}. CUTp is closed in M x [0,T), and D := M x [0,T)\CUTp is open 
in M X [0, T) (see the proof of Lemma 5 of |MT) b On M x [0, T) the forward and 
backward time difference quotients of ip are bounded in the following sense: for all 
t G (0, T) there exists an d > 0 such that 


(A.4) 


h ~ ’ 


for some constant C = C{r,r', M, g{r))ri^[o^s]) for all /i G K |/i| < d (h < 0 is 
allowed) for all t G [0, S']. 
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This can be seen as follows. Arguing as in the proof of Lemma 17.3 and Theorem 
17.1 of [HaForm] respectively Lemma 3.5 of [HaFonr] . we see that d{x, t) is Lipschitz 
in time and that \d{x,y,t) — d{x,y,s)\ < c|s — t\ for some fixed c for all x,y G M 
for all t,s G [0, S]. 


This gives us the required estimates (IA.4I) . In particular this shows us that the time 
derivative of f{t) := ^ip{x,t)l[y)dyLt(x) is well defined for any smooth function 
Z : M —>■ M, as we now show. For any open set U C M, we have 


fit + h)- f{t) 


It 

= f Kx) 

Ju 


ip{x, t + h) — (p{x, t) 


dyLtix) 


/M\U 




(A.5) 


+( 


ip{x, t + h)l{x)dy,t+h{x) - (p{x, t + h)l{x)dnt{x ), 


The last term in brackets converges to ip{x,t)l{x,t)-^dfXf Choose V to be an 
open, star shaped set in TpM = so that U := exp(( 7 (t))(p)(F) C M\cut(t)(p), 
and so that dy,g(^t'j{M\U) < e (see for example the book |Chav] for a proof that 
this is possible along with Section 3 of [Wei] for a proof of the fact that the cut 
locus has measure zero). Due to the fact that M x (0,T)\ CUTp is open, we can 
find a small (5 > 0, such that U x (t — d,t + 6) C [M x (0, T))\ CUTp. This implies 
that U C M\cut(s)(p) for all s G {t — S,t + <5). Due to the continuity of volume, 
we may also assume that dfig(^t'^{M\U) < 2e for all s G {t — S,t + 6 < T) for some 
6 = S{t, U, fJi, 0 - 2 , T, Mq): this follows from the facts that fjj dyg(^t) \ ^ ^dg{t) 
and ^ /m ^ = c(5', T, cti, ctq) for any open set U C M 

as long as t < S < T. Using these facts, and taking the limsup^_,,Q respectively 
liminf;i_,,o of the above, we get 


lim sup 
h^O 


fit + h)- fit) 


f d 

= / lix)-^‘Pix,t)dytix) 

^ f d 

+C'i(e,Z,(p,t) + / ipix,t)l{x) — dy,tix) 
Jm ot 

r d 

= / Kx)^Mx,t)dytix) 

Jm ot 

f d 

+Ciie,l,(f,t) + ipix,t)l{x) — dy,tix) 

Jm Ot 


respectively 


(A.7) 


lim inf 


fit + h)- fit) 
h 


f 9 

= / Kx)^Mx,t)dytix) 
Jm Ot 


+C2ie,l,(p,t)+ I ipix,t)l{x) — dfj,tix) 


IM 
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where \Ci{£,l,(f)\, \C 2 {e,l,^)\ —>■ 0 as e \ 0, and we have defined = 0 on 

cut (using this definition, : M —>■ R is a bounded measurable function). 
Letting £ —>• 0, we obtain 




_5 

dt JM c/i. JM 

Examining the argument above, we see that for any Lipschitz (that is VE^’°“(M)) 
function ^ : M —>■ R we have 


(A.9) 


f d f d 

I —(fi{x,t)l{x)diJt= J -^(p{x,t)l{x)dfit + C{£) 


where C{e) —^ 0 as £ \ 0, that is, as we choose better open starshaped sets U 
contained in M\cut(t)(p) to approximate M (we drop the dependence on (f and I 
in the notation, as they will be fixed for this argument). Assume now that I > 0. 
The evolution inequality for ip , Inequality (jA.3|) , combined with (IA.9I) , tells us that 


(p{x, t)l(x)dpt {x) 


< [ Aipldptix)+ C{£) + f +^^dpt{.x) 

Ju [X - r'Y t 

= f Kx)^{x,t)dadu,t - [ g{t){Vip{x,t),Vl{x))dtJ.t{x) 

Jdu ‘XX' Ju 

f , Cl CipL , . , , 

+ / (t-”1 —)dptix) + C{£) 

J'BAv) V - x'Y t 

<-/ g{t){Vp[x,t),Vl(x))dpt{x)+ [ (C^+ )dpYx)+C{e) 

Ju J‘Br(y) t [r-r'y 

<-/ 9{t)Y^‘f{x,t)yi{x))dpt{x)+ [ {^^ + -—^J^-^)dpt{x)+C{e) 

Jm J‘Br(v) t {x - x'Y 

where C'(£) goes to zero as £ —>■ 0, and hence 

f d 

/ -^.‘P(x,t)l{x)dpt{x) 

J M ox 

(A.IO) <-/ g{t){Vp{x,t),Vl{x))dptix)+ f +-—^^-^)dpt{x). 

Jm J‘Br(v) t (x - x'Y 


Here we used 

^ix,t) = g{t)(Vp{x),v{x,t)) 

= p'{dt{x))g{t){Vdt{x),u{x,t)) 

(A.ll) < 0 

which holds in view of the fact that < 0 and g{t){Vdt{x), ^{x, t)) > 0 on dU (by 
construction ot U ). 

Using this p in Lemma 1 of u we obtain the following estimate 

_5 

Jm Jm 

(A.12) +/ ^ fP + ioo^p + cf^^Ah-^ f p^fx. 

J‘Br(v) {X — r ) Jm 


:if V’^F)+[ |V(¥>/?)|^ <c[ \Vp\^r 

' JM JM JM 
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(we use now the notation of Ye Li: /^ / = The proof of this 

estimate is the same as that of the proof of Lemma 1 in [LI] , accept that we must 
estimate the extra terms coming from the time derivative of tp. In 

the following we use the fact that : (M x (0,T))\CUTp —>■ R are smooth, 

and Jq < oo for s < T. In particular, this means that we may use the 

Theorem of Fubini freely for (see Theorem 1 in Section 1.4 of [EG]), and we 

do so without further comment. 


This can be done as follows (note that p > 2 will always be assumed) 


f { — p^)fP 


(A.13) 


Jm ot 


< f - 2 g{Wp,V{pn)+ [ , 

Jm J*Br.{x) (r - r) 

= [ -2fP\yp\^-2pfP-^pg{Vp,Vf)+ [ 
Jm dc 

<-2pf F-^pg{Vp,Vf)+ [ 

Jm J* 


C _ Cp^fP 


t 


C 


< 


Br{x) (c - r') 

j\Vp\^F + lP^j P^F-^\vf?+j 

J Jm Jt. 


Bpx) {r-r') 

C_.p,Cp^F 

J\2J 


-P + 

J\2J ^ 


t 


c 


Br{x) 


(r — r') 


— P + 

./W'l ^ 


Cp^F 

t 

Cp^F 

t 


We choose 7 = We estimate the second term. First note that: 

|v((^F/2)P =\F^^yp + pS/{F'^F 

= F\^^? + 2pF^^g{^P, V(p/2)) + 7>"|V(r/2)|2 

= + 2p/2(V:p, V(p/V)) - 2P|y:^|2 + p^\W{F^^F 

= -Piv^p + 2Fih{^p. V(p/V)) + 


and hence 

= 4|v((^f/^)|2 + 4P|V^P - SF^^giVp, v(p/V)) 
(A.15) <8|V((^/p/2)|2 + 8P|V^|2 

and hence 

(A.16) 7P" / < 87 / \V{pF^^)\^ + 87 /PlV^p. 

JM J J 

Substituting this into (IA.I3I) we get 


(A.17) 






2 


The first and last two terms are of the required form. In the last line of the proof 
of Lemma I of jLi] we choose e (appearing in his proof) such that 2 e 3 {p + c)A = 1 
(instead of his choice of £3 [p + c)A = 1), then his estimate becomes 


|( / ^^F) + J |v(^/5)p < 2 J \Vp\^F -If |v(¥.p/^)|^ 
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(A.18) +10{p + cf^i^Ah-^ J 

(in M , this estimate occurs with a different constant: that is the term — 5 / |V 
doesn’t appear in m- We use this second last term to absorb the term 87 / |V(:^/p/^)| 
T^/appearing in (IA.17I) . This finishes the proof of the claimed esti¬ 
mate (|A.12p . 

Continuing as in the paper El, we get (only adding the extra terms we obtained 
in our estimates) 


IM 


V’^Fdpg^t)+ f f 

Jt' JM 


(A.«)<c/ + + l / P . 

for all 0 < r < r' < t < r, where, using the notation of [E], C{p, s) := ° < 

— where c, C, c are constants independent of s and p, r, r'. Define 


(A.20) 


H{p,T,r) = f f F 

Jt J Br{x) 


where ^ < r < 1. Now using our estimates on p we get (just as in [^, except the 
first constant A appearing on the right hand side of the estimate below is perhaps 
larger than that appearing in [Ll] l 


(A.21) 


Hi.^P,r',r') < i(c(p,r') 



1 

(r - r')^ 


3 

^H{p,T,r)i, 


for all 0 < T < r' < T, for all ^ < r' < r < 1, which is Lemma 3 of [Ll] . 

Now Theorem 2 of [L^ is also valid, up to a constant: / = |Rc| satisfies (take po = A 
in Theorem 2 of [Ll] l 


\^c{x,t)\ = \f{x,t)\ <C{l + ^)i{ f f |Rc|‘‘d/4g(t))^/'‘ 

C Jo J<^Bi(p) 

(A.22) < -5 

for all X G *Bi/ 2 (j/)- The proof is the same as that in [Llj, where we have used here 
that in our setting 

(A.23) [ [ |Rc|'‘d^g(t) <Ko < 00 . 

Jo Jm 

In fact, we may assume that Jq |Rc|^d/ig(t) < <5® is small, as we have scaled 
(and translated) the original solution by large constants: if g{i) := cg(|), T = cT, 
i = ct, then /(f |Rc| 4 d/ 4 g(t)df = i \Rc\^dpg(t)dt < 


Appendix B. Harmonic coordinates Theorem 

Let (M, g) be a smooth, Riemannian manifold without boundary, and p : V ^ U 
be a smooth coordinate chart on M, such that U is compactly contained in M. 
The metric g is given in coordinate form by gij : U —>■ K,*, j G {1,... ,n} where 
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gji{x) = gij(x) := g{(p ^{x)){'^di{(p ^{x)),'^dj{ip ^(x))). We define the quantity 
\\Dg\\Li 2 iU) by 



(B.l) 


where dx refers to Lebesgue measure, ‘^di{q) S TqM denotes a coordinate vector, 
and digkr refers to the standard euclidean partial derivative in the zth direction of 
the function g^r- Clearly this quantity is dependent on the chosen coordinates. 

Definition B.l. Let q S M'^. Bs{q) will be a fixed reference ball, which is com¬ 
pactly contained in M. We define rh{p) '■= supremum over all r > 0 such that 
there exists a smooth (C°“) chart tp : V ^ '0(C) = 5^.(0) where V C Bs{q) is open 
in {M, g) with the following properties (here gij is the metric in these coordinates, 
9ij{y) ■= ^dj{tp~^{y)), and we use the notation used above) 

(i) 1 / 2 % < gij < 2 % on 5^(0) 

(ii) < 2 

(hi) 0 : y —>■ Br{0) is harmonic: Ag 0 ^ = 0 on C for all k € { 1 ,..., n}. 

Remark B.2. Notice in the definition, that 0 : y —>■ Br{0) refers to a coordinate 
chart , that is, it must also be a smooth homeomorphism, whose inverse is C°°. 
Note also, that nowhere in the definition do we require that the image 0“^(ilr(O)) 
be a geodesic ball: it is simply an open set in M which is diffeomorphic to a ball. 

Remark B.3. = r^~p with n = 4, p = 12. 

Remark B.4. We are using the definition given in [Peterseii] . as we will use the 
notation from that paper below to state and prove the theorem that we require. 
This differs from the original definition of Anderson, |An dH, where the harmonic 
radius is defined similarly, but using geodesic balls in the manifold. 

Remark B.5. As explained in [Petersen] . Agtp = 0 implies that 4'\i{g)g^^ = 0 
everywhere in 5^.(0): this is crucial when it comes to the regularity theory for 
the transition functions associated to these coordinates (the regularity of metrics 
in harmonic coordinates was considered in many papers, for example [,TK] . jSSj . 
|DeTK| just to name some). Assume 0 : y —>■ 5^(0) and 0 : y —>■ 5^.(0) are 
harmonic coordinates with y n y 0 , and g and g refer to the metric in the 
coordinates 0 respectively 0. Then, on ^(i;) C Br{0) with Z := ip~^{Bs{v)) C 
y n y we have for s := (0 o ( 0 )“^) 


0 = A,(0)'= 


= Ag(0o(0)-i))'= 

= AgS’^ 

= r^dadhS^ 


(B.2) 


on Bs{v) where we used g^^r(3)|; = 0 on Br{0). Notice that the derivatives of the 
metric do not appear in this equation. 

Remark B.6. The other important fact about harmonic coordinates, is that the 
Ricci tensor satisfies 


(B.3) g‘'^dadbgki = {g ^ *9 ^dg* dg)ki - 2Ricci{g)ki 
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in harmonic coordinates. This star notation will be more explicitly described below: 
it refers to a combination of the quantities involved. This is a quasi-linear elliptic 
equation of second order. 

We state the theorem that we require in this paper here once again 

Theorem B.7. Let be a smooth manifold without boundary (not necessarily 

complete) and B^^q) Q M be an arbitrary hall which is compactly contained in M. 
Assume that 

/sslg) I Riempd/ig < Eq and IRcj^d^g < 1, 

(b) < vol(i?r(a^)) < for all r <1, for all x € B^^q), 

where eo = eo(<7o,cri) > 0 is small enough. Then there exists a constant V = 
R(cto,(Ti) > 0 such that 

(B.4) rhig){y) > V distg(y, d(Bi(q))) 

for all y S Bi{q). Here B^{q) is the reference ball used in the definition of the 
harmonic radius. 


Proof. Proof by contradiction. The proof method is essentially that given in the 
proof of Main Lemma 2.2 in [Audi] (see Remark 2.3 (ii)) using some notions from 
[AnCh] on the harmonic radius. 


Assume the result is false. Then we can find smooth Riemannian manifolds without 
boundary {Mi,g{i)) and balls B 3 {pi) which are compactly contained in {Mi,g{i)) 
such that Js 2 (p ) I Riem p < i —>■ 0, as f —>■ oo, and we can find points pi G Bi := 
Bi{pi) such that the following holds for all y G Bp. 


(B.5) 


rhig{t)){y) ^ rh{g{i)){y^) 

distg(i)(j/,5Ri) “ distg(i){yi,dBi) 


We define := {rh{g{i)){yi))~^. Notice that /li —)► oo as * —>■ oo, since 
distg(i)(yi, 9Ri) < 1 for all f S N. We rescale our solution by g{i) := gigii) which 
leads to 


Th{g{i)){yi) = 1 

/ |Rc|‘^(iMg(i) = — |Rc|"‘dug(i) —>■ 0 as i ^ oo 

(B.6) / |RiempdMg(i) < ^ 

Here we used the fact that the harmonic radius scales like: rh{g){y) = crh{g){y) if 
g = c^g, where it is to be understood that we use B := ^Bcs{q) as our reference ball 
for the definition of harmonic radius for g \i B = ^Bs{q) was the reference ball for 
the initial definition of rh. Notice also that the quantity distg(i)(a:,9®d)i3^(p-)) 
scales similarly: distg(j) (x, (j,.)) = distg(i) (cc, Hence, for 

Bi = 3^’-'>Bi{pi) and Bi = ^DB^.^q), we have 

rh{g{i))iy) ^ rH{g{i)){yi) 

distg(i)(i/,9.Bj) “ distg(i)(yj,9Ri) 

-^-0 as f —>■ oo, 

distg(i)(j/j,9Ri) 


(B.7) 
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for all y S Bi. In particular, yi G Bi satisfies distg(i) (?/i, —>■ oo as * —>■ oo. 


Furthermore, for any fixed p > 0, we get 


(B. 8 ) 


rH{g{i)){y) 


^ distg(i)(p, (9^^) 

“ d\sig(i){yi,dBi) 

^ disi~g(^[yi,dBi) - distg(,) (i/, 

“ distg(i)(i/i,aBi) 

^ distg(,)(yi,9i3^) - p 
distg(i)(i/i,9i3i) 

1 

> - 
- 2 


for all y G Bi with dgi^i){y,yi) < p as long as i >> 1 is large enough. For ease of 
reading we remove the tildes from the p(i)’s in that which follows, and simply write 
g{i) again. 


Take a maximal disjoint subset of balls Bif 2 ooo{yi,s))^=i whose centres are in 
By maximal, we mean: if we take any other ball B 1 / 2000 {y) whose 
centre is in B]^[yi), then it must intersect the collection of balls 
(®^*^-Bi/ 20 oo(yLs))fLi- Then, (®h)Bi/iooo(yLs))^Li must cover BL{yi), and each 
of the yi^s satisfies rH{g{i)){yi,s) > as explained above. Also, due to the non- 
inflating/non-collapsing estimates, we see that N is bounded by N{L, ao, (Ji) ■ For 
the same reason, the intersection number of 54 /^ 00 ( 7 /^ 5 ))^^ is bounded by 
Z((To,(Ti): any subcolletion, B4^/iQQ{yi^sk))k=i which intersects must be con¬ 
tained in for any p which is the centre of some (any) ball contained in 

this subcollection, and hence, 

(Ti > vol(®h)B^(p)) 

> vol(uf^i vol(®h) -84/100(2/1,8^))) 

z 

> vol(^^")-8i/2ooo(2/i,sfc)) 
k—1 

(B.9) > Zaoci 

Let Ibi/ioo(o) : -8i/ioo(0) -)> C/^,s := '0“'^yBi/ioo(O)) where : 14,8 

- 81 / 2 ( 0 ) C is a harmonic coordinate chart centred at a point yi^s (that is 
y^i,s{yi,s) = 0). Since g satisfies (i) and (ii) in the coordinates : i 3 i/ 2 ( 0 ) —>■ Vj_s, 
we see that p,,* := {tp^,s)~^\By^oo(o) ■ - 8 i/ioo( 0 ) C/*.s := V'i>(- 8 i/ioo( 0 )) satis¬ 

fies i3i/4oo(2/i,8) C Ui^s C 934 / 100 ( 2 / 1 , 8)5 and hence the intersection number of the 
collection of sets {Ui is bounded by Z. 


Using these facts, we see that Fact 1 of [Petersen] is true for our charts (in view 
of the (i) in the definition of Harmonic radius above), Fact 2 is true for our charts 
(if i is large enough). Fact 3 is true for fixed / if 2 is large enough, and Fact 4. 
is true: Fact 3 is used in [Petersen] to show Fact 4. We obtain Fact 4 using 
our non-inflating non-collapsing arguments: there exists a limit space {X,dx,p) = 
limcH{Mi,d{g{i)),pi) where the limit is the pointed Gromov-Hausdorff sense (see 
Theorem 7.4.15 in [BBIj i. In order to obtain Fact 5, we need to show that a 
condition like (n4) in [Petersen] is satisfied for our coordinate transition functions 
(compare Section 4 of [Petersen] !. We use the equation for the transition functions. 
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(jB.2l) . mentioned above to show that such a condition holds. Let B 2 e{v) ^ Bi/ loo(O) 
be a small ball for which Si^r,t '■= isPi,r)~^ ° ’fi,t '■ B 2 e{v) —t is well defined 
on B 2 e{v). Then Equation (M . the Schauder theory, and the fact that g{i) is 
bounded in C^’°‘{Bs{v)) by a constant which is independent of i, show us that 
< C (**) for some constant independent of i. 

Now arguing exactly as in [Peterseii] after the proof of Fact 4 and at the beginning of 
Fact 5, we see first that X is a C° manifold, with inverse coordinate charts '■ 

Vr Bi/iqq(0), and their construction implies the following: if ipt{B 2 siv)) C 
Vr n Vt,then Si^r,t ■= o fi,t ■ Be{v) converges with respect to the (7° norm 

to Sr,t '■= o <Pt ■ Bg{v) But using the estimate (**) from above and 

the theorem of Arzela-Ascoli, we see that t Sr,t in C^’^(i3e(u),]R'^) (and hence 

in W^’^^{B!;{v)) weakly: see (9) of Section 8.2.1 (b) of |Evans) l and in particular, 
Ss,t G {Bs{v),W^). That is the manifold X is . Now we may argue as in 
the rest of Fact 5 and Fact 6 of [Peterseii] to see that {X, d,p) = {X, h,p) where h 
is a C“ metric. 

Now we examine the convergence of the metrics g{i) to h in various Sobolev spaces. 

Let us denote the metric g{i) in the local coordinates given by ipi^r by g{i)ki, and 
h in the local coordinates given by Lpr by hki'- r is fixed for the moment. 

By construction (see [Petersen] !, we have: g{i)ki —t hki in C^’°'{Be{u)) for any 
B 2 e{u) C ili/ioo(0) C Using the fact that (ii) holds, we see that g{i)ki —t hki 
weakly in W^’^‘^{Bi;{u)), after taking a subsequence (see for example (9) of Section 
8.21 (b) of [Evans] 1. 

Note, from the theorem of Rellich/Kondrachov (see for example [Evans] . Theorem 
1 of Section 5.7), this tells us that g{i) —>■ h strongly in L^‘^{K). The metric 
gki = g{i)ki satisfies 

(B.IO) g'^^dadbgki = {g~^ * g~^ *dg* dg)ki - 2Rc{g)ki 

smoothly in i?i/ioo(0)) since the coordinates are harmonic. Here the (0,2) tensor 
{g~^ * g~^ * dg * dg) can be written explicitly, but in order to make the argument 
more readable we use this star notation. This tensor has the property that is 
linear in all of its terms: for Z, Z, VU, W symmetric and positive definite local (2,0) 
Tensors, and B, R, S, S local (0, 3) Tensors, we have Z*W*R*S is a local (0,2) 
Tensor, with the property that {Z + Z)*W*R*S = Z*W*R*S+Z*W*R*S 
and Z * iW + W) *R*S = Z*W*R*S + Z*W*R*S and so on. Furthermore 
\Z * W * R * S'lg < c|^|g|lU|g|i?|g|S'|g, wheie c depends only on n, n = 4 here. 
We know from the construction that Ricci( 5 ) —>■ 0 in and the other terms 
on the right hand side are bounded in (because dg is bounded in and 
g,g~^ are bounded). Hence the right hand side is bounded in L'^ by a constant 
c which doesn’t depend on i, if i G N is sufficiently large. Also the terms g°‘^ 
in front of the first and second derivatives are continuous, bounded and satisfy 
0 < colV’P < g^^fpifpj < ci|'0p for Co, Cl independent of z G N. Hence, using the 
theory (see for example [GT] Theorem 9.11), \g{i)\w^’^{K) < Ibi/ioo{o) + ^ 

on any smooth compact subset K C Hi/ioo(0)) where c is a constant which is 
independent of i (but does depend on K). In particular g(i) —>■ h strongly in 
W^’P{K) on smooth compact subsets K of Hi/ioo) for any p G (1, oo) in view of the 
Theorem of Rellich/Kondrachov (see for example [Evans] . Theorem 1 of Section 
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5.7). We also have 

h°‘''dadbgki = - g°‘'')dadbgki + g’^^dadbgu 

= {h°-^ - g°’'')dadbgki + (5“^ * 9~^ * dg * dg)ki - 2Ricci(5)fei 

Hence, for g = g{i) (written in the coordinates given by ^Pi^r) and g = g(j) (written 
in the coordinates given by Pj^r) , b j S N, we have 

h°‘''dadb{g - g)ki = Cki := (h“'’ - g°-^)dadbgM - (^“'’ - g°‘^)dadbm 

+ (5”^ * 9~^ *dg* dg)ki - * {g)~^ *dg* dg)ki 

(B.12) +Ricci(ci)fc/ - Ricci( 5 )fei. 

The right hand satisfies: for all e > 0 there exists an G N such that \C\i,3(^x) < £ 
if z, j > N, as we now show. The first term in C is estimated by 

f - g‘^^)dadbgkifdx <{[ \h-gn^/\f \d^g\^f/^ 

JK JK JU 

<{[ \h-gn"/^C 

JK 

(B.13) ^0, 

as i —>■ 00 , since g = g{i) is bounded in on smooth compact subsets of 

Ri/ioo(0), as we showed above, and g{i) —>• h,g{i)~^ —>■ h~^ in C“ on smooth 
compact subsets of i?i/ioo(0). The second term may be estimated in a similar 
fashion: | (/i“'’ - g'^^)dadbgki\^dx -)> 0 as j —)> 00 . The third plus the fourth term 

of £ converges to 0 on LP{K) for any p G (1, 00 ) since dg and dg converge to h on 
U’{K) for any p G (1, 00 ) and g{i) converges to h in C°’“(it'). The sum of the last 
two terms converge to 0 in L^{K), since they converge to 0 in L^(K). 

Hence, we can rewrite (IB.12|) as 

(B.14) h°‘^dadb{g{i) - g{j))ki = f{ij)ki 

with |/(b < e(bi)j and e{i,j) < e for arbitrary e > 0 if bj > N{e) is large 

enough. 

Hence, using the theory again (Theorem 9.11 in [GTj l. we get 

Igii) - 9 U)\w^.3(k) - 1 -^ 1 ?^ + / \9(^)-9ij)\%) 

(B.15) <(5(bj) 

on any compact subset K CC K C Hi/ioo(0) where 6 : N x N —>■ R+ satishes: for all 
e > 0 there exists an = A^(e) G N such that 6{i,j) < e ii i, j > N. This implies 
g{i) is a Cauchy sequence in W^’^{K) and hence g{i) —>■ h strongly in W^’^{K) 
and h is in W^’^{K). Using these facts in (IB.1011 . and taking a limit as i —>■ 00 in 
L^{K), we also see that 

h‘^^dadb{hki) + {dh * dh)ki = 0 

must be satisfied in the sense, and hence in the sense. In particular, we have 
(B.16) h-'^d,dj{hki) = Pki 

in the usual sense where Pki = —{dh * dh)ki is an function on smooth 

compact subsets K, for any p G (1, 00 ) , since h G W^’P{K) for any p G (1, 00 ). The 
PP theory tells us, that h G W^’P on smooth compact subsets of Hi/iqoj and hence 
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P S on smooth compact subsets of Bi/ioo- The theory (see for example 

Theorem 8.10 in |GT] 1 then tells us, that h is in W^''^ on smooth compact subsets. 

50 we may differentiate the equation (IB.161) to get a new equation, 

h‘^'‘dada(d,hkl) = Pskl 

where Pski = dsPki - dsh^^dadbihki) is in pP on any compact subset. Continuing 
in this way, we obtain h is C°° and bounded in on any smooth compact subset 

of Bi/im- 

Let X G LC n Uj in X. As explained above, this means ° ‘Pi,t '■ 

B 2 e{v) is well defined with x = (ftiv) for some small e > 0 , and satisfies 

t Sr,t = ° ‘ft weakly in W'^'^'^{Bs{v)). The equation satisfied by 

51 '■= Sir t (see (O) is 

(B.17) g{^r^^,^l,s, = 0 

on B 2 e{v). Using the theory, we see that Si is bounded in W‘^’P{Bg/ 2 {'v)) for all 
p € (1, oo), independently of i. Hence, we have 

g{iP''dadb{s, - Sj) = -g{iY'^dadbSj 
(B.18) = {g{j) - g{i)T^dadbSj 

and the right hand side goes to 0 in LP{B^^2{p’))i ^is does Si — Sj, as *, j —>■ oo, and 
hence using the theory again, Si —>■ s in W^’P{B^/ 4 {v). Hence, Equation (IB.171) 
holds in the limit, 

(B.19) h’^'^dadbs = 0. 

Using the regularity theory for elliptic equations (for example the argument we 
used above to show that h is smooth), we see that s is smooth. That is {X,h,p) 
is a C°° Riemannian manifold. It also holds, that {M, g{i),pi) —>■ {X,h,p) in the 
pointed Gromov-Hausdorff sense as f —>■ oo: for all I, there exists a map 

Fi,i '■ Ui —>■ M, such that Fi,i(p) = Pi and Fi^i : U ^ M is a C°° diffeomorphism 
onto its image, ^Bi{p) C Ui, and F*i{g(i)) —>• in strongly for any 

compact set K C Ui, where Ui is open in X. In fact here, this convergence will be 
in W^’P{K) for any fixed p G ( 1 , oo). 

As soon as one knows, that the transition functions converge in W^'P, and the 
metric converges on coordinate neighbourhoods (of the type above) in W^’P to h, 
{X, h) is C°° and p > n, then it is always possible, as explained in the introduction 
of the paper [AnGhj . to construct diffeomorphisms of this tvpe : see [Kaj or M, 
[Ch2] for earlier works. We give some more detail for the readers convenience. 
We use mainly the reference [Kaj . and the construction of the diffeomorphisms 
given here is somewhat different from that presented in [Petersen] . In the following 
0 < e << r is fixed. Let := (pij{Br- 50 e) be a covering of P^B 2 i{pi), 

:= fj{Br- 50 s) be a covering of ^B 2 i{p), with ipij : Uij —>■ R'* converging 
to fj : Uj —>■ as described by [Petersen] (see above). Here Uj = fj{Br), and 

Ui,j = ‘fi,j{Br). Define := := ipij{Br- 50 e)), := := 

fi,j{Br-20e)), ^i '■= '■= ipj(Br-eOe)) ^ := := (fj(Br-50e)), D : = 

:= f,(Br-20e)) ■■= Uf^i(C/; := fj(Br-60e)), (= UjLiV?, (H,_65.(0)). 

We assume that P*B 2 i{pj) C G* C C and ^i? 2 z(p) G G C H* C G C G. 
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Let 77 : [0, oo) —>■ ffi.,]" be a smooth rotationally symmetric cut-ofF function, 0 < rj < 1, 
r]{x) = 1 for x G ( 0 ,r — 6 e), r]{x) > 1 — CS ioi x G {r — 6e,r — Ser), r]{x) = 0 for 
all X G [r — 4e,oo). Define, as in |Ka) . the smooth functions —>• Rq by 

'ijijix) = r]{\ip~j\), for j = The embeddings, 9i : Q.i ^ of [Kaj are 

then defined by 

(B. 20 ) ? 7 », 2 (-)) • ■ •) ■ 

The maps Ot : —>■ R*, i G iV} are embeddings, see |Ka) . and locally 

9i o tpi^i (for example) is a graph: 9i o '■ Br- 20 e{^) is given by 

9i O (pi^i{x) = [X, fi^2{x)Fi^2{x), ■ . ■ , fi^N{x)Fi^N{x), fi^ix), . . .,fi,Nix)), 

where Fij := o := r]{\Fij{-)\). That is 9iOipi^i{x) = (ai,Ui,i(x)) 

and the maps Ui^ ■ Bj— 20 eW R*“" are bounded in W'^’^ and converge in 
lT^’^(i?r-- 2 Oe( 0 ),R^) to the smooth function ui : Br- 20 e{^) —>■ R*“", where ui := 
(/ 2 T 2 ,/ 3 -F 3 ,-j- ,/ivK,/i,...,/Ar) , and Fj := o /,-(•) := r]{\Fj{-)\). 

Defining 0 : D —R^ similarly to 9i, 

(B. 21 ) , w(-)) • 

where 77 ^ : D —Rq are defined T]j{x) = r]{\{(pj)~^{x)\), for j = 1,... ,iV, we see 
that 9 is also an embedding, and hence M := L>F^^(^{tj{x, Uj{x)) \ x G Br- 20 £( 0 )} = 
0(D) and M := uF^i{{tj{x,Uj{x)) \ x G i3r-50£(0)} = 0(D) are C°° embedded 
submanifolds of R^, where tj : R* —>■ , is the function (which swaps position of 

coordinates) defined by 
tj{x,mi,.. .,mN-i,yi, ■ ■ ■ ,7/iv) 

:= (tTIj, 7771,7772, ■ ■ . , 777j_ 1 , I, 777j + i, . . . , 777jV-1, 7/l, • ■ ■ ,7/Iv), 

for rrii G R^,, 7 G {1,..., — 1}, j/fc G R, fc G {1,..., iV}, where j G {1, ■ • ■, iV}- 

We define the C°° submanifolds, Mi := 0i(Di), M* := 0i(D*), M* := 0(D*), 
Mi := 9i{tli) analogously. To see that these maps are embeddings one shows the 
following. Let z := (fi{x) G M, x G Br-20e{0){ior example), and (a:, ui(a:)) = 
{x,y) = 9 o (pi{x). We claim {Bs{x) x Bs{y)) (IM = {{z,ui{z)) \ z G Bs{x)} for 
s,(5 small enough. We know |D77i(-)| < C and iD-u)-)! < C on Br-AeiO) for a 
constant C. Hence, {(z,77i(z)) | z G Bs{x)} C {Bs{x) x Bs{y)) (1 M for 6,s small 
(5 = c{c)Cs (we choose s small, so that Bs{x) C Br-2Oe{0))- Now let m be arbitrary 
with 777 G {Bs{x) X Bs(y)) n M, and rh := 0“^(777). Then |0(777) — 9{ipi{x))\ = 
10 ( 777 ) — (cc,77i(a;))| < C6 and hence, using the definition of 0, 1771 ( 777 ) — 1| < CJ 
which tells us that m G Ui, and lu := < r — be. If 7 ; G Hr_6e(0) then 

m = 9{m) = 9o(pi{v) = {v,ui{v)) that is 777 G Bs{x) x Bs{y))r\M, can be written 
777 = (v,ui(v)) with V G Bs{x) and 771 ( 77 ) G Bs{y) as required. 

If |w| G (r — 6e,r — be), then we know that 0 ( 777 ) = 0o 1721 ( 7 ;) = (77(|7;|)7;, 771 ( 7 ;)) G 
Bs{x) X Bs{y) which leads to a contradiction, since |(77(|7;|)7;| > (1 — S){r — be) > 
(r — 7e) (5 << e) and hence 77(|7;|)7; ^ Bs{x), since x G Br- 20£(0) (s, S « e). 

We construct a diffeomorphism Fi : tti ^ M for which M C Fj(Di), and Fi := 
9~^ o Fi will have the desired properties. Since M is a C°° embedded submainfold 
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of , there exists a neighbourhood Z of the zero section in the normal bundle 
of M {M is open, without boundary, and not necessarily complete) in such that 
expj_ |z : Z — 7 > O := expj^{Z) C is a diffeomorphism onto its image, and M C O 
by definition (see for example Section 7, Proposition 26 in [On] for the existence of 
Z and the definition of expj^ the exponential map from the normal bundle). Using 
the fact that the closure of M is contained in M, we see that the closure of M is a 
compact subset of O. That is B^{M) C O for ct > 0 sufficiently small. 

Hence the natural projection map tt : —)> M is well defined and smooth, 

7r(a;) := (expj_ \z)~^{x) for all x G Brj{M) C O (see for example Section 7, Propo¬ 
sition 26 in [On] for the existence of Z), and tt{p) = p for all p G M. Furthermore, 
by choosing a smaller in necessary, we can assume that |7r(?/) — y\ < e for all 
y G B„{M). We show that := tt o —>■ M is well defined and a diffeomor- 

phism onto its image, for large enough i. Using the fact that : B^-eiO) —>■ Uj in 
lU^’^(i?i._e(0)) nC'^’“(i?j._E(0)) as i —>■ oo , we see that dn^Mi, M) —>• 0 as f —>■ oo : 
Mi C Bg{M) and M C Bg{Mi). Hence, for m G Uip C we have 9i{m) = 
Oiopipix) = {x,Ui^i{x)) G Mi C Be{M) and hence TTo9{m) is well defined for such 
m. Similarly, tt o 9i(m) is well defined for all m G fli. Let m G fl. Without loss of 
generality, m G Bi, x := ((/3i)“^(m), 9{m) = {x,ui{x)) = {x,y) G 9{Ui). 9{Ui) is 
an open set in M, so we can find a small s such that Bs{x) x Bcs{y) H M C 9{Ui), 
and tt{Bs{x) x Bcs{y)) C 6>(C/i). (•,Ui,i(-)) = 9iO Pip{-) -G 9 o pi{-) = (•,ui(-)) 
in tU^’P(Hr_e(0),R^) n C'^’“(Hr_£(0),R^) as * —>■ oo. Hence 9i o pi^iiv) G Bs{x) x 
Bcs(y) C 9{Ui) for alH > iV large enough, for all v G Bg{x), if s is small enough, 
and hence o 9~^ o n o 9i o ipi^i : Bg{x) —)> Br-ie{^) is well defined for i large 

enough. By construction, and the Theorem of Vitali (the version), we have 

O (9)~^ OTTodiO Ifi^i 

= {9opi)-^ OTTO (•,Mi,l(-)) 

^ (6»o(^i)-io7ro(-,wi(-)) 

= {9 o o 9 o (fi 

(B.22) = Id 

in W^’P(i?s(a;)),R‘^). Hence, (v^i)”^ o (0)“^ o tt o o pi i : Bg{x) —>• R"^ is a diffeo- 
morphism onto its image for large enough i. Hence 9~^ o n o 9i : Lt* X is a local 
diffeomorphism, and 9~^ o n o 9i{U*i) C Ui^i for i large enough, and 

(fii o 9~^ o TT o 9iO (fii^i : Br-55£{0) Br-5Oe{0) is well defined, and 

ipi O 9~^ O TT O dj O 1 —>• Id in lU^’^(i3r-55e(0), R^) 

(B.23) as i —>■ oo 

Hence 9~^oTro9i : LI* —^ X is a diffeomorphism onto its image for large enough i, and 
LI C oTTo 9i{Ll*) for large enough i, as we now show. Assume 9~^ otto 9i{m) = 
9~^ o TT o 9i{n) for m,n G Ll*. Without loss of generality, m G U*^ and hence 
9~^ o TT o 9i{m) G Ui and hence o 9~^ o tt o 9i{m) = o 9~^ o tt o 9i{n), 

and hence o 9~^ o tt o o (pij(x) = o 9~^ o tt o 9i o ^(z), where 

ipi i(x) = m and ipi i(z) = n, where x,z G Br-eoeiO)- But this contradicts (IB.231) 

for i large enough. That is 9~^ o tt o 9i : Ll* —>■ X is a diffeomorphism, and 
B 2 i{p) C U^i(/5i(Hr_65e(0)) = Ll G= 9~^ o TT o 9i{Ll*) as required. 
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Also, 


(B.24) 

°Pi° ‘P^,l)*{9{^)) 

= (6>0 (^ 1 )“^ OTTO (•,Mi,l(-))*5(*) 

—>■ h 


in view of (|B.23|) and the Theorem of Vitali, as required (note: the inverse of 
o o TT o 9i o 1 also converges to the identity in lT^’^’(_Br- 56 £( 0 ), 

in view of (|B.23ll and for example Cramer’s law). 

The condition |Riem(h)p = 0 must hold for the limiting space , as we now 
show. For fixed r, 



Riem(/i)pd/r/i 


(B.25) 


= / \h*{h) ^*D^h + h*h ^ * Dh * Dh\^d^,h 

JUr 

= lim / |f? 2 ,r * i9i,r^ * ^ 

i—loo In 

^1/100 

~^9i,r * { 91 ,r) * Dgi a * ^9i,\aL)\ ^9’g{i) 

|Riem(5(i))pd^g(i) 


= lim 

i—^oo 

1 

< - 

i 


since the metrics converge in W'^’^ locally. Here *D^h a))) and so on are 

combinations of the second partial derivatives of h and can be explicitly written 
down, and satisfies | * D^h\ < c{n)\D'^h\'^ pointwise where the second derivative is 
dehned. 


Hence fjj | Riem(/i)pfinoZ?i = 0. r was arbitrary, and h is smooth implies that 
I Riem(h)| = 0 everywhere. 

Hence, {X, h) is flat, and hence must be the standard Euclidean space, since {X, h) 
has euclidean growth, vol(i?r.(ai)) > for all r > 0 (from the non-collapsing 

estimate). This leads to a contradiction, using the same argument given in the 
proof of Main Lemma 2.2 in |Andl) . 

Here, for the readers convenience, we explain the argument which leads to a con¬ 
tradiction. Push the metrics g{i) forward to A = with the C°° diffeomor- 
phisms Fi^i : ^Bi{pi) C {M,g{i)) —>• A = R^ just constructed. Call these metrics 
g{i). We know, that g{i) h = S on Bi{0) C R^, I is fixed but large. Solve 
Ag(i)i^(f)^ = 0, on Bji{0), with the boundary conditions <pii)\aBjna) ~ Then 

A§(i)(v3(^) - Id)^ = r(g(i))S(g(i))'^i ^ 0 in LP{Br{0)), and - Id){-) = 0 on 
dBii{Q). Using the theory (Lemma 9.17 of |GT| for example), with the fact that 
ip{i) — Id = 0 on the boundary, we see that 


(B.26) ~ dd|w 2 .p(BH(o)) —>■ 0, as f —>■ 00 . 

for i large enough, since g{i) -a- hin lU^’P(i?i{(0)) strongly. Hence, (p{i) : Br/2{0) —>■ 
Vi := (p{i){BR/2{0)) C R'^ is a diffeomorphism for i sufficiently large, and (p{i) —?> Id 
in 1 U^’P(H^/ 2 ( 0 )) n C'^’“(Hfl./ 2 ( 0 )), as i —>■ 00 . The inverse i/'(f) : U —>■ Br/2{0) 
converges to the identity in W^’P{Br/h{Q)) fl C'^’“(Hfl./ 4 ( 0 )), {Br/h{Q) C Vi for i 
large enough), once again in view of Vitali’s Theorem. Hence, '*/'(*)*( 5 )(*) =: gt 
converges to <5, once again in view of Vitali’s Theorem. But then : Vi := {Fi)~^ o 
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'(/)(*) : -B_r/ 4 ( 0 ) —>■ Wi C Mi is a diffeomorphism, and Wi := (vi) ^ : Wi —>■ i 3 _R/ 4 ( 0 ) 
satisfies 

Ag(^,)Wi{x) = o Fi){x) 

(B.27) = 0, 

and {wi)i,{g{i)) is in C'^’“(i?/{/ 4 ( 0 )) fl as close as we like to 5. That 

is the harmonic radius at x is larger than i?/4. This contradicts the fact that, 
Th{yi){g{i)) = 1. 

This finishes the proof. 

□ 


Appendix C. Volume estimates of P. Peterson and G-F.Wei 

Let {M'^,g) be a smooth complete Riemannian manifold without boundary satis¬ 
fying and p > nf 2 and q G M is fixed. We choose coordinates so that g satisfies 
g{q) = 6 on TgM = R", <5 the Euclidean metric on TgM = R”. Let S be an open set 
contained in the sphere Sg C TgM with d9{S) = p. > 0, d9 the standard measure 
on S"“^(0), where SgM = S"“^(0) is the sphere of radius one, SgM := {n S TpM 
such that \v\ = 1}. So S' C S”“^(0) C R". Let Wr = {exp(si;) | u S S, s < r}, and 
Vr = {exp(su) I n G S, s < r and exp(-i;) : [0, s] —>■ M is length minimising }. We 
consider the corresponding set in R”: Er = {sv \ s < r,v G S}. The estimates 
of P.Peterson and G-F.Wei in this setup that we require are as follows. 


/voiyfj(a;) N i/2p 

fvoi Vr{x) \ 

V vol{Ep) ) 

V VOl(Er) / 


(C.l) <c{n,R,p)^^{[ |Rcni/(2*’) 

JBnip) 

where p = d9{S) > 0 and r < R. 

Remark C.l. Compare with Theorem 2.1 in [TZj . 

Proof. We argue as in |PeWe| . but we replace their S (the sphere in R") by our 
set S, and we replace their A by A = 0. We denote with Cp the cut locus, Cp := 
{exp(sT) I V G and exp |[o,s]('t) : [0, s] —>■ M is distance minimising, but 

exp |[o_s-i-£](-t) : [0, s -I- e] —7> M is not distance minimising for all e > 0}. 

Let £>p C M" be the set £>p = {exp(rv) | v G S"~^,r < c(v)}. 

Here, c : —>■ R'*' is the function which tells us how far we have to travel along a 

geodesic, pointing in a given direction, before we hit the cut locus: c(v) := s where 
exp |[o,s](‘t) : [0, s] M is distance minimising, but exp I [o,s-i-£] ("t) : [ 0 , s -I- e] —>■ M 
is not distance minimising for all £ > 0 . Dp, Cp will denote the corresponding sets 
in R": Cp := {c(v)v \ v G Dp := {rv \ v G S"“^,r < c(t)}. The set Dp is 

star shaped, and the function c is continuous: see for example the book [Chav] for 
a proof of these facts and other related facts. Define W := {exp(su) \ v G S,s < r, 
and exp(-i;)|[o_s] : [0, s] —>■ M is distance minimising}. That is Vf is the set of 
points obtained by going along a distance minimising geodesic in the direction v 
for a distance s less than or equal to r, where v G S is arbitrary. Notice that 
Vr C Wr = {exp(s'(;) I V G S,s < rj. 
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On Dp we can write the metric with respect to spherical coordinates as dfj,g{r, 0) = 
uj{r, 9)dr A d9 where d9 are the standard coordinates on and w(0, •) = 0. 

Let us denote the corresponding volume form in Euclidean space by d/i£:(r, 0) = 
r”“^dr A d9 = ujE{r,9)dr A d9 that is ijjE{r,9) = doesn’t depend on 9. uj is 
a smooth function on Dp\{ 0 }, and uj{-,v) : ( 0 ,c(u)) —>■ R+ is smooth and satisfies 
^ '■= h{t,v) — hE{t) and h{t,v) is the mean 

curvature at (t, v) of the geodesic sphere at distance t from p in (M, g) at the point 
exp(tz;), and hE^t) is the mean curvature of the sphere of radius t in euclidean 
space, that is hE^t) = : see |CLN) . One uses here, that = hu! and 

(see equation 1.132 there). Integrating with 


= Heu^e as shown in [CLN] 
respect to the r direction we get 

tLi(u,r) uj(v,t) 


(C.2) 


ujE(r) ujEit) 


< 


tjj{s,v) ‘^^'^’^ ds 


for all 0 < t < r < c{v). We extend ip and w to all of K" by defining them to be 
zero on {DpY. These are then measurable functions since Dp can be approximated 
by smooth open sets D^ contained in Dp and so we can approximate any of these 
functions pointwise (call it /) by gf where 77 is a cut off function with 77 = 1 if we 
are a distance (euclidean) e away from dD^ but in Dp. Furthermore w is bounded 
on any ball Be{0): see Theorem III.3.1 in |Chav] and use that the solution of linear 
ordinary differential equations with smooth coefficients are themselves smooth. The 
equation (|C.2(1 holds for all v S and all 0 < t < r < 00 as one readily verifies: 
the only new case one needs to consider is r > c{v) , and in this case the left hand 
side is less than or equal to zero and the right hand side is always larger than or 
equal to zero, and so the equation holds trivially. All functions are measurable and 
non-negative and so we may apply Fubini to them. That is, we may integrate (1C.21) 
over S and change the order of integrals. We do so in the following, sometimes 
without any further comment. 


(C.3) 


i^eY) 


d9- 


i^E{t) 


d9 < 


Dividing by d9{S) = p we get 


JgUjE{r)d9 JgUJE{t)d9 d9{S) 


n V'(s,u) 

ipis, V 


we(s) 

^(^,s) 

uje(s) 


d9ds 


d9ds. 


This corresponds to the second inequality at the top of page 1037 of [PeWe| (with 
there replaced by our S). We continue on now as in [PeWej . to obtain 

( [ uj{r,9)d0){ [ ujE{t,9)d9) - ( f u!Eir,9)d9){ [ uj{t,0)d0) 

Js Js ^ Js Js 

< d9{S)uJE{r)(^ J j ip'^^{s,(^)^{s,9)d9 A ds 

a ''V ^ n1-1/(2p) 

J uj{s,9)d9 A dsj 

(C.5) =d9iS)ujEir){vol{Vr)Y-^/‘^^P'>(^J^ j Y^P{s,9)uj{s,9)d9 A ds^ 

Since w is bounded on any ball S_r( 0), we see that /(r) vol(Pr) = Jq fg w(t, 9)d9A 
dt is Lipschitz continuous in r. Note we use here, that for Kg^r '■= {vnv \ v € S,m < 


\ 1/2P 
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r}, Vr = exp{Ks,r H Dp) U exp{Ks,r H Cp) and that the measure of the second set 
is zero, since the cut-locus Cp = exp(C'p) has measure zero: see Section 3 of [Wei] 
for a proof of the fact that the cut locus has measure zero. Notice also that this 
also shows that Vr is measurable: the second set has measure zero (and so is mea¬ 
surable) and the first set is exp{Ks,r H Dp) = f~^{Ks,r H Dp) where f : Dp ^ Dp 
is the smooth inverse of exp(p) : Dp ^ Dp. 


Hence, the function / : [0,oo) —>■ Kd is in and the derivative exists almost 

everywhere and is equal to the weak derivative whenever it exists: see proof of The¬ 
orem 5 4.2.3 in |EG] . Also, using the Lebesgue-Besicovitch differentiation Theorem 
(see Theorem 1 in 1.7 of [EG]), we see that the derivative f'{r) of / exists almost 
everywhere and is equal to f'{r) = fg uj{r, 6)d6 /\dr. Using this notion of derivative, 
we argue as in |PeWe) again to obtain (5th line of page 1038 of [PeWej l: 


d vol(U.) 

dr Vr 

(C.6) 


(u 2 ) 

d£{S)nvE^^^ ^_i/(2p)/vol0^Ni-i/(2p) 


([ ^P^Pd^^g)^/^^P^ 

J Brio) 


where 

(G.7) Vr-- [ [ ujEis)d0Ads = d9{S) [ = 

Js Jo Jo n 

since iVEir) = r”“^. The first term js equal to ~ term 

/b ( 0 ) i® shown in Lemma 2.2 of [PeWe] to be bounded by /b^(o) \^c\Pdp,g. 

Hence we get: 


d vol(U.) 

dr Vr 


(C.8) 

for all r < i?, where A = 


\ Vr / 


c(n,p) /vol( 14 ) \ 1 . 

/ii/(2p) V Ur- / r^/{2p) 


(IbMO) iRcjPdf,g)P/(^P\ 


That is 

where f(t) := and g(t) := This implies (using the chain rule for 

weakly differentiable functions) that 


(G.IO) 
and hence 
(C.ll) 


Wt 


/l/( 2 p)(i) < A 


c(n,p) 

^l/( 2 p) 


9{t) 




1 \ C{n,p) i_.^/(2p) 

1 - n/{2p) /ri/(2p) 


< 0 . 


But this means that the function l{t) := /^A2p)(^) _ pAi^p) is non¬ 

increasing: let i/j be the WP’°° function given by tjj{x) = {l/e){x—r) for x S (r, r+e) 
and ip(x) = 1 for X € (r -I- e, s — e), ipix) = {l/e){s — x) for x € (s — e, s), and 
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'(/'(x) = 0 for all other x, where 0 < r < s < R. Mollifying this '0, we obtain a 
smooth function 0 > 0 with compact support such that 

l{s)-l{r) -/ l{t){i;y{t)dt 


rR 


l{t){'ijjy {t)dt 


= / I'{t)tjj{t)dt 

Jo 

(C.12) < 0 

and taking a limit with e —> 0 gives us the claimed monotonicity of I (use also that 
I is Lipschitz continuous here). The monotonicity of I gives us: 


(C.13) 


VOl(t4(p))^l/(2p) _ ^ V01 (K) ^i/(2pI < ^1- 


VO\{Es) ' Vol(i?r)^ ^l/(2p) 

for all 0 < r < s < R, which is the claimed estimate. 


ra/(2p) 


□ 
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